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Constrained Optimization

Given an open subset U in R? and two functions

f,g: U—R

Maximize or minimize z = f(x, y) subject to g(x,y) = 0.
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Review—Theorem

kil

Assume that (a, b) € U satisfies the condition

g(a,b) =0, gy(a,b) # 0. Moreover f(a, b) is a maximal or
minimal value of f(x, y) subject to g(x,y) = 0. Then there exists
A € R satisfying

f(a,b) + Agx(a;b) = 0 (1)
fy(a,b) + Aga,b) = 0 (2) (L)
gla,b) = 0 (3)
In the Theorem the identities (1) and (2) are called Tangency

Condition.
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TSl

The Tangency Condition is expressed
by g(z,y) =

V(g)(a,b) = —A-V(f)(a, b)

Remark that V(f)(a, b) is the normal
vector of the tangent line at (a, b) of
the contour of f(x, y):

flz,y) = fla,b) =
f(x,y) — f(a,b) =0 ' '

Sine the two curves g(x,y) =0 and f(x,y) — f(a, b) = 0 share
the tangent line at (a, b), they are tangent each othrt.
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Constrained Optimization—Application in Microeconomics

Example (Utility Maximization) Let /,p, g > 0. We maximaize
the utility function

u(x,y) = /xy

subject to the budget constraint

gx,y)=1l—-px—qy=0 (x,y>0)
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Constrained Optimization—Application in

Microeconomics(2)

If the utility function is maximal at (x, y) under the budget
constraint, there exists A € R satisfying

P E M) =0
P A9 =0
I—px—qyr = 0 (3)
We consider (1) x x and (2) x y to get
Xy =2 px = 2\qy
Since it follows from (1) that A # 0, we get
px = qy
Moreover it follows from (3) that
/ / /
px:qy:§ thus x:%, y:2—q




Constrained Optimization—Application in

Microeconomics(3)

/ /
X(p7q7l):%7 Y(P7q7/):£

are called demand functions. Moreover Lagrange multiplier

obtained from (1)
I
1 V2 1

A= — - =
2p /1 2y/pq

2p

is called the Marginal Utulity of Income.
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Marginal Utility of Income

We define Indirect Utility function by

Then we have

ov 1
9l — 27\//377 = Ap,q,1)

This is the reason why the multiplier A\(p, g, /) is called the
Marginal Utility of Income. Remark that the identity

ov
W - )\(pv q, I)

holds generally.
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Sufficient Condition to be a maximal (minimal) point

Assume
g9(z,y) =
g(a7 b) :07 gy(av b) 7&0
to apply Implicit Function Theorem.
We can express the curve g(x,y) =0
(a,b)

y = ¢(x)

in a neighboehood of (a, b).

If f is minimal or maximal at (a, b) subject to g(x,y) =0, the
function

F(t) == (¢, (1))
satisfies F/(a) = 0. Moreover if F/(a) =0 and

F’(a) >0 (resp. F’(a)<0

then f is minimal (resp. maximal) at (a, b) subject to g(x,y) = 0.
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Solution(1)

We apply Chain Rule to derivate f(t, o(t)) and get

F'(t) = £t (1)) - 1+ £, (£, (1)) - (1)




Solution(2)

On the other hand we derivate the both sides of g(t,¢(t)) =0 by
t to get
0

gx(t, (1)) - 1+ gy (£, (1)) - /(1)

and

Zoc(t,0(1)) + 28y (£,0(1)) - (1) + gy (£, (1)) - &' (1)
gy (t, () - "(t)=0
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Solution(3)

We let Py(a, b) and put substitute t = a in the last identities
about g to get

1Y _gx(PO)
2 (3) - gy(PO)
and
¢(3) = =y (B(P0) + 260(P0) - /(2) + 8 (Po) - #(2))
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Solution(4)

We put t = a in the identities about f to get

F(a) = £ Po) 265 (P0) - (2) + £,(R) o)
(P (9
= () + 2 (P0) - /(2) + By (Po) - (6"
SAL (0P + 285 (P0) - '(3) + 55(P0) - (3)
= L (P, ) + 2L (o, ) (3) + Ly (P ) /(0P

Here we defined A and L by

_ fy(Po)
gy(Po)’

L(Xv.y’)‘) = f(va)+)"g(X7y)
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Solution (5)

Now we eliminate ¢’(a) in the preceding identities

F"(a)
2
- Latpo) 20 P (~E) . (L)
B gy(lPo)2 (Lx(Pos A) - g/(Po)? = 2Liy (Po, A) - g(Po)sgy (P)
+ Ly(Po, ) - gx(Po)?)
1 0 g«<(a, b) g}’(avb)
= — 5 gX(a,b) Lxx(a’ba)‘) ny(a’b’A)
gy(Po) g,(a,b) Ly(a, b)) Ly(a,b,\)




Theorem Assume that there exists A € R satisfying

f(a,b) + Ag(a,b) = 0 (1)
f,(a,b) + Agy(a,b) = 0 (2) (L)
gla,b) = 0 (3)
Moreover if
0 gx(aab) g}/(avb)

B(a, b, \) :=|g«(a,b) Lu(a,b,\) Ly(a,b,\)
gy(a,b) Ly(a,b,\) Ly(a, b))

satisfies B(a, b,A) < 0 (resp. B(a, b,\) > 0), then f is minimal
(resp. maximal) at (a, b) subject to g(x,y) = 0. Here we defined
the function L by

L(X>Y7)‘) = f(X7Y) + /\g(X’Y)
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¢(0) =~ (EnPo) + 205 (P0) - (2) + 5 (P0) /()

1

B _gy(3b)3<gxx(P0) : gy(P0)2 — 28x/(Po) - 8x(Po)gy(Po)

+ 8y (Po) - &(Po)?)

N P i S
= ——lg(a,b) gu«la,b) g«
gy(a, b)3 g/(a,b) gu(a,b) gyi(
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