Let A€ M3(R) be a 3 x 3 matrix:

411 412 413
A= laxn axn a3

431 432 433

Then Aj; denotes the 2 x 2 matrix obtained by deleting ith row and
jth column. For example

ax» axs an  an
An = ( > Ay = ( :
ap as)’ d31 432
Moreover we dfine the (7, /) cofactor of A by

Ajj = (—1)™ det(Ay)
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By using cofactors the matrix A = (3 b ) can be expressed in the
follwoing way.

air b1 a
a by o
a3 bz c3
_ by . b1 <« s bi a
Y by o *| by c3 b o

= 31(—1)1+1 det(All) + 82(—1)2.%1 det(Azl) + 33(—1)3%—1 det(A31)
= 3112\11 + 821;\21 + 3312\31

4 L a1l
= (A1 Ao A31) | ax
.\ 931
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Moreover the cofactor expansions with respect to the 2nd and the
3rd columns are written in the following way.

Al = a12A12 + 3z + aAs,

L . 12
= (A1 A A3) | ax
432

|Al = a13A3 + 3232\23 + a33A33

L . a13
= (A3 Ax3 A33) | ax3
433
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The cofactor matrix of A is defined by

R S 5 R 4 T ® )

We calculate A - A:

. Al #1213 -
A-A= *21 |A| *923 o= Luwd R
¥31 *32 A .
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What happens for #;;? For example

«
d11 412 412
0=la axn ax
431 432 432

= (2\13 ’a23 ’2\33 )

Accordingly we have shown that

A-A=|A|-

—_—
-
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We prove the expansion by the 2nd row in the following way.

a]
b

&)

ap
b,

&)

a3
bs

a3

a1 hif a
=laz b
as bz fic3
a @

b
a G
2 a
b2 B
G G

da]
as

+ by

a]
a

+ by

a B a
a ’ a2 @ “Ja. \‘ .
as dp ap
— b R
c3 . €1 © "“ﬂ&k%\gos(—f‘«

Nobuyuki TOSE

The cofactor expansions of three rows turn out the following for
A = (aj)-

|Al = annAn + annAn + 3137413 = (311

|A| = 321;\21 + 322;\22 + 323A23 = (‘321

Al = 3317-\31 + 232;‘32 + a33A33 = (931
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Moreover we have the identity for the cofactor matrix A of A.

ail ap a3 A Axn Az
a1 axp ax A An Al =
a31 a3 a3 A1z Ax Asz

We can show that #; = 0 by considering for examplé

el A, T Gyy Aya

a31
0=|an
d31

a3
a2
a3

a33
a3
d33

= “ . M3(R) we have the identities

A A=A A=|A &

= 0
|Al - #12 #13
#o1  |Al  Has
#31 #3132 [|A|




For A,X € Ms(R), we have the identity
[AX]| = |A] - [X]
We consider the case where
A=(a a3 33), X=(Xy2)
Then
AX = (*1 *9 *3)
where

%1 = X131 + X232 + X333, *2 = y131 + yodz + y333,

*3 = 2131 + 23y + 2333
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= = =
*y= 2.0 2, LT T 0,

A = x1|31 x2 #3]| + x2|32 %2 *3| + x3]33 *2 *3|
= x1|31 y232 + y333 *3 |+ x2|32 y131 + y333 *3 |
+ x3|33 y131 + y232 *3|
= x1y2|31 32 %3 | + x1y3|31 33 *3 |
+ xoy1/32 31 *3 |+ Xx2)y3]32 33 *3 |
+ x3y1|d3 a1 *3 |+ x3y2|a3 3 *3 |
= X1Y223|31 3233| + x1y322|31 33 37|
+ xoy123|32 31 33| + x2y321(|32 33 3|

+ x3y122|33 31 32| + x3y221|33 3> 31|
Moreover for any permutation (7, /, k) of {1,2,3} we have

|5,’ gj 5/(‘ = 6(/,_/, /()|31 52 53'
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|A| = x1y223 - €(1,2,3)|31 32 33| + x1y322 - €(1,3,2)|31 32 35
+ xa)123 - €(2,1,3)|31 32 33| + xoy321 - €(2,3,1)|31 32 33
+ x3y122 - £(3,1,2)|31 32 33| + x3y221 - £(3,2,1)|31 32 33
— Z e(i,j, k)xiyjzx - |a1 32 33|
(i,k)
= |X]-1A|

The following conditions are equivalent for A € Ms(

. (l)A is regular.
e (i) AV=0=7V=0
ey 40

(iii)=(i) is already shown by using the cofactor matrix A of A. If
the condition (i) is satisfied, we have

A-At =1
Then it follows from the determinants of the both hand side that
Al -|AY = |k =1

Accordingly we find |A| # 0.
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