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We are given three 3-dimensional column vectors

ai by a
a= ar y b= b2 s ¢ = ()
a3 b3 o)
and a 3 X 3 matrix
A=(3b7)

We define the determinant of A by

al b1 C1
det(A):lA\ = a b o
as b3 C3
by b b a
= a — +a
Y b o 2‘1?3 63‘ I b o
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Sarrus Rule

We expand the three determinants of 2 x 2 matrices to get
|A| = 31b2C3 — 31b362 — 32b1C3 + a2b3c1 + a3b1C2 — a3b2<:1

The signs in the head of a;jbjc, are determined by the following
rule.

(i j, k) = 1 ((i,j, k) has positive orientation)
ARV (| ((7,4, k) has negative orientation)

JANVA

Positive Orientation  Negative Orientation
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Sarrus Rule(2)

det(A)= Y (i j k) abjc (1)
i7J, J#kk#i
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Cofactor Expansion

a1 b ¢
! bl Cl 5 by o 5 b1 o 43 b1 o
a b o| = a —a 3
bs <3 b3 by ©
a3 b3
a ¢ ap ¢ ap ¢
|2 @ | Ay a
a3 a3 a2
a b a1 b ai b
R T T
as bz a3 bs a b
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Basic Property |

Basic Property | — Multi-linearity

‘(5162—1—525) bel=g

‘5(51&+52,§) E‘ :sl|3&5|+52‘555‘

‘55(51&+523)‘ _ ‘55&‘ + 5 ‘355\
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Basic Property |

The basic Property | is based on the following theorem.

Theorem
F: R3® = R is defined by

F()?) = bixy + boxo + b3xz
Then we have

=, =,

F(cid + of) = aF(d) + aF(B)
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Basic Properties 114111

Basic Property Il — Interchanging two colums

Zbe|=—|b3c|=—|3C bl =—|Ch3
- b2 (@) bl 1 bl (o]
abcl=a - +a
| = bs 3 ’ bs 3 by ¢
_ o b c b c by
a1 c3 b3 ta c3 b3 ’ 3 Co b2
=—|3eb|

Basic Property IlI

|l =1
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Basic Property IV

Basic Property Il

ai b a alp az as
|A| = |tA| I.e. an b2 G| = b1 b2 b3
as b3 C3 i G 3

To prove this, develop the RHS:
a a2 as

bi by b3|=---
G @ G
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Basic Property IR

Basic Property IR — Multi-linearity

a a a
SIPp+ 59| =51 (P| +52|q
c c c

LHS = |*a ‘(s1p + 2q) ‘c|
=['a s1’p + 52"q “c|
= s1/'a 'p ‘c| + s»|*a 'q 'c| = RHS
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Basic Property IIR

Basic Property IIR-Interchanging two rows

a b a
c c b

QT 0O
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Basic Properties V+VR and VIR

Basic Properties V4+VR

If A has two idential colums (rows):

352 =0, |a|=0
(o}

Basic Property VIR

Adding a multiple of a row to another:

a a
pa+b|=|b (2)
(o) (o)
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example

0 2 3 1 4 9 1 4 9
2 4 6|=—|2 4 6|=—-|0 —4 -12
149 Jo23 o2 3
-4 -12 13

_‘2 ; ‘ ( 4)‘2 3’4(3—6)—12
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Cramer’s Rule

We study the following system of equations:

ax+bhy+az = o e (1)
ax+by+oz = a - (2)
a3x+ by +cz = a3 --(3)
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Cramer’s Rule (2)

To elimeinate z, we consider (1) X ¢ — (2) X ¢1:

a10x + bioy + oz = Q16 (1) X e
—) axcix + bacry + ci1cz = s cee (2) X €1
‘ a a ‘ by a o al
a2 o b o az

We also consider (1) x ¢3 — (3) % ¢1 and (2) x ¢z — (3) X coto get

a G b]_ C1 o a - B
a X+ bs c3 ’y o ‘ a3 &3 (II) = (l)XC3 (3)XC1
a o by o | o N B B

a G X+ b3 c3 ’y o ‘ as ¢ (III) = (2)xc3—(3) x 2
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Cramer's Rule (3)

We consider —by x (I11) + by x (II) — b3 x (I) to get

Zbelx+|bbéy=|abc

It follows from |b b & = 0 that

y:

ol ~
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Cofactor Matrix

Let A € M3(R) be a 3 x 3 matrix:

ail ax a3
A= |ax ax ax
a31 432 433

Then Aj; denotes the 2 x 2 matrix obtained by deleting ith row and
jth column. For example

ax  ax a1l a2
A = Ay = .
1 <332 333) 3 <331 332)
Moreover we dfine the (7, /) cofactor of A by

Aj = (=1)" det(Ay)
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Cofactor Matrix(2)

By using cofactors the matrix A = (3 b ¢) can be expressed in the
follwoing way.

ai b a
a b o
a3 b3 ¢
b o b a b1 «a
= a —a +a
b 2| b3 1 by o

= al(—1)1+1 det(All) + 32(—1)2+1 det(Azl) + 83(—1)3+1 det(A31)
= a1 A + a1 Az + a31As3

o an
= (A1 Ao Az1) | aa
a31
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Cofactor Matrix(3)

Moreover the cofactor expansions with respect to the 2nd and the
3rd columns are written in the following way.

Al = a12A12 + anAx + as2As

o a1
= (A12 A2 Asz) | ax
as

|A| = a13A13 + ap3Ags + a33Ass

B . . ai3
= (A13 Az A33) | ax
ass
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Cofactor Matrix(4)

Cofactor Matrix

The cofactor matrix of A is defined by

11 A Asp
12 Ax Az
13 A Az

A=

DD

We calculate A - A:

|A] k12 %13
A . A = *21 ‘A‘ *23
*31 *32  |A|
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Cofactor Matrix (5)

What happens for *;;? For example

ail ar an
0=lax ax ax»
d31 d32 4as2

ai2

= <A13 /2\23 A33 ) ax | = *32
a32
Accordingly we have shown that
A-A=|Al- I3
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Cofactor Expansions for rows(1)

ap a2 as
b b by b by b
by by bsl=a 2 03| 1B, Pt B2
G G 1 G a @
GG & G
a a a; a a, ap
= by | Bl by [T 3 by
@ G 1 G G @
a as ap as ai 2
=cC s, +c
by bs| b b3‘ b b
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Cofactor Expansions for rows (2)

We prove the expansion by the 2nd row in the following way.

a1
by
o]

d> as
by b3
G G

ar b
=|a b
a3 bz

a

= b |
as

a

= b |?
(&)

a
(o)}
c3

(0)
3
as
C3

+ by

+ b

a
a3

ai

a a1
— b3

a3 a

as ai

c3 1

c
@

a
(0)
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Cofactor Matrix (6)

The cofactor expansions of three rows turn out the following for
A= (ay).

Al = a11A11 + a2A + a13A13 = (a1 a2 a13) | An

Al = 20101 + @A + ax3Aos = (a1 a2 an3) | A

Al = a31A31 + a2As + a33As3 = (as1 az as3) | A
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Cofactor Matrix (7)

Moreover we have the identity for the cofactor matrix A of A.

a1 a2 aiz\ [Au Axn An Al #12 #13
a1 ax»n ax Az An Asn | = | #x |Al  #23
a3y azy ass A1z Axz Asz #31 #32  |A|

We can show that #;; = 0 by considering for example
a31 d32 as3

0= lax ax ax|=---
a31 432 4a33
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Cofactor Matrix (8)

For A = (aj) € M3(R) we have the identities
AA=A-A=|A-k
Moreover if |A| # 0, then A is regular and

1 -

Al= — A
|A|
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Another Basic Property for Determinants(1)

For A, X € M3(R), we have the identity
|AX| = |A[ - X]
We consider the case where
A=(3 a3 3), X=(Xy?Z2)

Then
AX = (%1 *2 %3)

where

*1 = X1d1 + Xpdp + X333, *2 = y131 + y2d2 + y333,
%3 = 2131 + 2032 + 2333
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Another Basic Property for Determinants(2)

|A| = x1|31 %2 *3| + x2|82 *2 *3| + x3]|33 *2 *3]
= x1|d1 y2d2 + y333 *3 |+ x2|d2 y131 + y333 *3 |
+x3|d3 y1d1 + y2d2 *3 |
= x1y2|d1 3 *3 | + x1y3|31 33 *3 |
+ xoy1|32 31 *3 | + xoy3]d2 33 *3 |
+ Xx3y1|33 31 *3 | + x3y2/33 32 *3 |
= x1y223|31 3233| + x1y322|31 33 32
+ xoy123|3 31 33| + xoy321|32 33 31|

+ x3y122|33 31 32| + x3y221|33 32 F|
Moreover for any permutation (/,/, k) of {1,2,3} we have
|3j 3 ak| =e(i,), k)|a1 32 3]
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Another Basic Property for Determinants(3)

|AX| = x1y223 - €(1,2,3)|31 32 83| + x1y322 - €(1,3,2)|31 3 33]
+ xoy123 - £(2,1,3)|31 82 33| + xoy3z1 - £(2,3,1)|3;1 32 33
+ x3y122 - £(3,1,2)|31 82 33| + x3y221 - £(3,2,1)|31 32 33
= Y elij, k)xiyize - |30 3 3|
(iJ,k)
= [X]-|A|

Nobuyuki TOSE Determinants for 3 X 3 Matrices



Criterion for the regularity of matrices (1)

The following conditions are equivalent for A € M3(R)

o (i) Ais regular.
o (i)AV=0=v=0
o (iii) |A] #£ 0

(iii)=(i) is already shown by using the cofactor matrix A of A. If
the condition (i) is satisfied, we have

A-Al =1
Then it follows from the determinants of the both hand side that
Al AT =B =1

Accordingly we find |A| # 0.



Criterion for the regularity of matrices(2)

(i)=-(ii) We assume that that the condition (i) is satisfied. Then
AV=0 - ATAV=A10=0 -v=0

(iii)=-(ii) We assume that the condition (iii) is satisfied. Then we
can apply the Cramer's Rule as follows.

. 1
=0 - x=— |03 3| =0 etc.
Al

>
N < X
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Criterion for the regularity of matrices(3)

(ii)=(iii) We prove the contraposition NOT (iii)=NOT (ii). We
assume that |A| = 0. Let A= (3 b o).
(a) In case a; # 0 We get

a b a a b a Ry — (_Q> Ry + Ry,
A= an b2 C | — A1 = 0 b’2 Cé ?3
az bz a3 0 b, Rs = <—g) Ri + Rs

In this situation

_ _ _ b2
0= |A| = |A1’ = a bg C:/,)

Then it follwos from a; # 0 that

/ /
by, ¢

b, o] = °
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Criterion for the regularity of matrices(4)

Moreover we have the equivalence

X aix+ biy+ az = 0---(1)
Aly|=0«& bhy+ ¢z = 0---(2)
z byy+ 5z = 0---(3)
/ C/
Thanks to the condition b% 2| =0 we can find (y, z) # (0,0)
3 G

satisfying (2)" and (3)’. Now it suffices to put

1
(biy + a1z)

X=——
ai
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Criterion for the regularity of matrices(5)

(b) In case a3 =0, a # 0 We get

0 b ¢ a b o
A= an b2 C | — A2 = 0 b1 C1 Rl <~ R2
a3 b3 o a3 bz ¢

In this situation we have the equivalence
AV =06 AV =0

Moreover
a; # 0,and|Az| = —|A| =0

This makes it possible to apply the case (a) to find vV # 0
satisfying AoV = 0.
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Criterion for the regularity of matrices(6)

(c) Incase a; =0, ap =0, a3 # 0 We get

0 b1 Cc1 as b3 c3
A= 0 b2 C | — A3 = 0 b2 Co Rl — R3
a3 b3 ¢ 0 hh a

In this situation we have the equivalence
AV =06 A3V =0

Moreover
a3 # 0,and|A3| = —[A] =0

This makes it possible to apply the case (a) to find vV # 0
satisfying Asv = 0.
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Criterion for the regularity of matrices(7)

(d) In case a3 =0, a =0, a3z = 0 It suffices to remark that

1 1
Alo|=@b3) 0] =1-0+0-6+0-0=0
0 0
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