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We are given three 3-dimensional column vectors

ai by a
a= ar y b= b2 s ¢ = ()
a3 b3 o)
and a 3 X 3 matrix
A=(3b7)

We define the determinant of A by

al b1 C1
det(A):lA\ = a b o
as b3 C3
by b b a
= a — +a
Y b o 2‘1?3 63‘ I b o
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Sarrus Rule

We expand the three determinants of 2 x 2 matrices to get
|A| = 31b2C3 — 31b362 — 32b1C3 + a2b3c1 + a3b1C2 — a3b2<:1

The signs in the head of a;jbjc, are determined by the following
rule.

(i j, k) = 1 ((i,j, k) has positive orientation)
ARV (| ((7,4, k) has negative orientation)

JANVA

Positive Orientation  Negative Orientation
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Sarrus Rule(2)

det(A)= Y (i j k) abjc (1)
i7J, J#kk#i
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Cofactor Expansion

a1 b ¢
! bl Cl 5 by o 5 b1 o 43 b1 o
a b o| = a —a 3
bs <3 b3 by ©
a3 b3
a ¢ ap ¢ ap ¢
|2 @ | Ay a
a3 a3 a2
a b a1 b ai b
R T T
as bz a3 bs a b
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Basic Property |

Basic Property | — Multi-linearity

‘(5162—1—525) bel=g

‘5(51&+52,§) E‘ :sl|3&5|+52‘555‘

‘55(51&+523)‘ _ ‘55&‘ + 5 ‘355\
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Basic Property |

The basic Property | is based on the following theorem.

Theorem
F: R3® = R is defined by

F()?) = bixy + boxo + b3xz
Then we have

=, =,

F(cid + of) = aF(d) + aF(B)
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Basic Properties 114111

Basic Property Il — Interchanging two colums

Zbe|=—|b3c|=—|3C bl =—|Ch3
- b2 (@) bl 1 bl (o]
abcl=a - +a
| = bs 3 ’ bs 3 by ¢
_ o b c b c by
a1 c3 b3 ta c3 b3 ’ 3 Co b2
=—|3eb|

Basic Property IlI

|l =1
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Basic Property IV

Basic Property Il

ai b a alp az as
|A| = |tA| I.e. an b2 G| = b1 b2 b3
as b3 C3 i G 3

To prove this, develop the RHS:
a a2 as

bi by b3|=---
G @ G
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Basic Property IR

Basic Property IR — Multi-linearity

a a a
SIPp+ 59| =51 (P| +52|q
c c c

LHS = |*a ‘(s1p + 2q) ‘c|
=['a s1’p + 52"q “c|
= s1/'a 'p ‘c| + s»|*a 'q 'c| = RHS
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Basic Property IIR

Basic Property IIR-Interchanging two rows

a b a
c c b

QT 0O
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Basic Properties V+VR and VIR

Basic Properties V4+VR

If A has two idential colums (rows):

352 =0, |a|=0
(o}

Basic Property VIR

Adding a multiple of a row to another:

a a
pa+b|=|b (2)
(o) (o)
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example

0 2 3 1 4 9 1 4 9
2 4 6|=—|2 4 6|=—-|0 —4 -12
149 Jo23 o2 3
-4 -12 13

_‘2 ; ‘ ( 4)‘2 3’4(3—6)—12
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Cramer’s Rule

We study the following system of equations:

ax+bhy+az = o e (1)
ax+by+oz = a - (2)
a3x+ by +cz = a3 --(3)

Nobuyuki TOSE Determinants for 3 X 3 Matrices



Cramer’s Rule (2)

To elimeinate z, we consider (1) X ¢ — (2) X ¢1:

a10x + bioy + oz = Q16 (1) X e
—) axcix + bacry + ci1cz = s cee (2) X €1
‘ a a ‘ by a o al
a2 o b o az

We also consider (1) x ¢3 — (3) % ¢1 and (2) x ¢z — (3) X coto get

a G b]_ C1 o a - B
a X+ bs c3 ’y o ‘ a3 &3 (II) = (l)XC3 (3)XC1
a o by o | o N B B

a G X+ b3 c3 ’y o ‘ as ¢ (III) = (2)xc3—(3) x 2
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Cramer's Rule (3)

We consider —by x (I11) + by x (II) — b3 x (I) to get

Zbelx+|bbéy=|abc

It follows from |b b & = 0 that

y:

ol ~
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