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Transposition of vectors — Basic Properties

Basic Properties (2)

o (iii) 31,...,3, € R™, we have
t - = t= -
(131 + -+ cudn) =a1®31 + - + '3y

It fotows from the basic property (iii) that

: ‘Nobuyuki “TOSE Matrices and their operations No.

Transposition of Matrices — Basic Properties(1)

Addition, Scalar Multiplication and Transposition
Let A, B be matrices of type m x n. Then we have

HA+B)="tA+1B, t(\A)=A('A)

HA+B)="'31+by ... 3.+ by)

fa + by) t3 + th
t(3, + bn) t3, + th,
t51 tEl
‘3 th,
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Transposition of Matrices — Basic Properties(1)

f(\3) A3
E(NA) = E(\3y ... A3,) = =] s
t(A3,) A3,
t3;
=] : | =xA
t3,

A Nul)‘;lylikl‘,TOSE £ Matrices and their operations No. 3

Transposition of Matrices — Basic Properties(2)

Multiplication of Matrices and their Transposition
Let A be a matrix of type m x n, and X of type n x £. Then we

have _ ~3) =)
‘(AX) = XA ¥ = Loy = "Cp,\
%‘b% R
t(A)_(‘l) )
t trp= = . e
(AX) =HAx ... AX) = : w6
: > e R
t(A%) Axp €1
A 3
=| : |=|:|a=txtA
XA t%
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Echelon Matrices and Row Elementary

Operations

Nobuyuki TOSE

November 22, 2016

Nobuyuki TOSE Echelon Matrices and Row Elementary Operations

Echelon Matrices

A matrix A = (aj) is called in Echelon form if

@ (i) there exist nonzero entiries
31j,, 32y - - - Arjy where j1 <_j2 < - <j,
@ (ii) with the property that

a,-j=0 if j<JjiORi>r

¢3 A
aij,, a2j; - - - , arj, are called the distinguished elements/—\
Example ~
32 0 4 5 -6
0 0 1 -3 2 0
000 0 0 [6] 2
0O 0 0 0 0 0 O

Nobuyuki TOSE Echelon Matrices and Row Elementary Operations




Echelon Matrices (2)

Example
(1] 2 3 0
0 0 [4] 0
0 0 0]’ 0
0 0 O 0

0
0
0

=2

O O O W

=

=

=
N
4 0 51:%
=31 0
0 E«gx
o \[1] 5
i .
g = ?

AT P ST A e i T

n echelon matrix is called a row reduced echelon matrix if the

distinguished elements are

@ (i) the only nonzero entries in their respective rows—

o (ii) each equal to 1

Nobuyuki TOSE
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Echelon Matrices and Row Elementary Operations

Relation to Elementary Matrices

Fact

A row elementary operation is identical to multiplication by an
elementary matrix from the left.

Let us illustarte this fact by examples.

o (i) R < R
R+ Ry &
o (if) Ri — AR\ #0)

Rz — /\R2 =4

= O O

o o

o >

o o O

= O

a1
az
as

asz
az
ai

a1
)\32
as

Nobuyuki TOSE Echelon Matrices and Row Elementary Operations



Relation to Elementary Matrices

_ﬁ
o (iii) R,@mj +R;

1
Rs@)ARL + Ry & | 0
- A

O = O

ai al
az | = aj
as Aai + a3

Nobuyuki' TOSE Echelon Matrices and Row Elementary Operations
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Row Elementary Operations are invertible

o (i) Ri & R
001\ " /001
(RieR) =R R)< |01 0 =(0 10
100 100
o (ii) R = AR} (A #0)
) 100" /100
(Re= AR =(Re = R} [0 A Of =10 30
001 00 1

<‘I‘90 <‘£oo |
o>O> d MO =
A
() = ()
(
o
k= = | | ©0 [ o
¥ : N © o—~o :I
o [ b

0
O 00(



Pl Row Elementary Operations are invertible

E\z«axf@w«o\ Mﬂjf\,{w\ R /\—Qﬁ/\*("“’\_.
-_'5

o (iil) R IR + Ri il
i)
(R3 @/\Rl +R3)t = (R @)\Rﬁ + R3)

-1

1 00 1 00
< (0 10 =10 10
A 01 -A 01

Nobuyuki TOSE Echelon Matrices and Row Elementary Operations

Row Equivalence

Definition
A matrix A is row equivalent to B if

A—.--—=B

B is obtained from A by a finite sequences of the following
operations called row elementary operations.
o (i) Interchange of the ith row and jth row: R; < R;
@ (ii) Multiply the ith row by a nonzero scalar \ # 0:
R,' — A= /\R,
o (iii) Replace the ith row by A times the jth row plus the ith
row: R — R + /\Rj

Nobuyuki TOSE Echelon Matrices and Row Elementary Operations



Row Equivalence-Example

yw O e AT

2
4 g Ry — 2R + R» "'\
6 Lo 3 Rs = —3Ri+ Rs/
e
1 2 =30
— {0 0\4 2| Ry— —5R,+4Rs
00 ol 2/

Remark (R3 — 4R3) + (R3 — —5Ry + R3) = —5R, +4R;

Two Elementary row operations are combined

o (ii)+(iii) Replace the ith row by the A times jth row +
times ith row (u # 0):

(R,'—#,uxR,')-I-(R,'—+/\Rj+R,'):R,'—->/\RJ'+MR,'

Nobuyuki TOSE Echelon Matrices and Row Elementary Operations

Row Equivalence-Example(2)

1 2 -3 0 1 2 -3 0 1
00 4 2 — {0 O 4 2 R3—>§R3
0 0 O 2 00 0 1
1 2 -3 0
— |0 0 4 O Ry = R+ (—2)R3
00 0 1
1 2 -3 0 1
— (0 0 1 0 R2—>ZR2
00 0 1
1) 2 0 0
— (0 0(D0] R—R+3R
00 Ox\l_
o MVL‘*M QQ\"’*[M et Alog
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Theorem on Row Equivalence

Let A be a m x n matrix. Then A is row equivalent to a unique
row reduced echelon matrix. The number of its distinguished
elements is called the rank of A denoted by rank(A).

Remark The uniqueness in the theorem is difficult and
complicated to show.

1

(2 -39 =
f\““\"(m‘r-ll\ =3
3 6~4> /

. Nobuyuki TOSE Echelon Matrices and Row Elementary Operations

Theorem on Row Equivalence

Theorem

Let A be a matrix of type m x n. If A is row equivalennt to
another matrix B of type m x n. Then there exists a regular square
matrix P of size m satisfying

PA=B
The proof of the theorem is based on the following two theorems.

o Theorem If Py, P,,..., P; are regular squre matrix of size
m, then P = Py ... P, is regular.

o Theorem Elementary matrices are regular.

Nobuyuki TOSE Echelon Matrices and Row Elementary Operations
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