Elementary Matrices (3)

To multiply jth row by A # 0 ‘

1 00 e
Q@A) = {0 0] =(&1 X&x &)= | Aez
0 1 es

o >

satisfies
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Elementary Matrices (3)

To multiply jth row by \ # 0
Qi(N) (i =1,2,3) are regular.

In fact we have
Q@A) @(p) = (M), Q(1)=4h

Thus @ '3 A% Ol 1
Qz(/\)Qz(X) = Qz(x)Qz(/\) =@(1)=4h

QL&*) B (ULCB/\.L(M Ow4
Qz("3~{ :Qz Q—AJ:

.
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Scalar Multiplication to Matirces

Scalar Multiplication to m x n Matrices
Given a m x n matix

a; 411 - din
A=(31...5,,)— : : :

amil amn

we define a scalar multiplication by A to A as follows:

Aa; Aai1 - Aain
M=(\51 ... AG)=| ; -

/\am /\aml /\amn
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Scalar Multiplication to Matirces

A )= o) X = o lanc)
o (i) (MA)T = A(AR) = A(\R)

o (ii) (AA)X@(AX) = A(MX)

=y
The proof for (i) is given as follows:

S
/ = TR
(M)Z = (\31 ... A @ i

= x1(Ad1) + - + xa(A3p) = (%)

T\ - Xy
=/\(x131)+-~-+/\(x,,a,,) Coir il &-.) A 12

= /\(X131 + zrase Xn3n) = /\(A)_() B
(+) = (Aa)1 + - + (Axa)3n = A(IR) ANy

Moreover the property (ii) is derived easily from (i).
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Other Basic Properties of Scalar Multiplication

Theorem
o (iii) (A +p)A= M A+ uA
o (iv) (Au)A=A(uA)
o (v) 1A=Aand 0A = O B = P g et

These properties can derived from the following corresponding
properties for vectors. It is necessary to define the addition of
matrices to understand (iii), and we put it off for the moment.

o (iii) A+ p)d= A+ pua

o (iv) (An)a = A(u3)
o (v)13=3and 03=0
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Addition of two m x n Matrices

Definition
Given two m X n matrices

aiy - ay - au
ai
A= (a1 an)=1 | =1 an ay Aim
anm
aml amj amn
( b1 by; b1n
b, :
B = (51 En) = = | b bU bim
bm :
bml bmj bmn
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Addition of two m x n Matrices

Definition
Then
a; + b;
A+B=(31+by ... 3.+ b,) = :
am+ by,
= aj+b; | & AN Ao

d:'(’(‘\ QO(H‘« -
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Basic Properties (1)

Basic Properties (1)
o (i) (A+B)+ C=A+(B+ ()
o (i) A+ Omp=Omp+ A=A

o (i) A+B=B+A 5 B s Blfie

L,\{ \(MSJ{

o (iv) \(A+B)= XA+ B
o (V) A+ p)A=) A+ LA

(i) follows from (3+ b) + =3+ (b+ ).

(ii) follows from 3+ 0 = (_)‘_‘-I- a=a.
(iii) follows from 3+ b=b+3
(v) follows from (A + )3 = Ad@+ pa. (iv) is proved as follows.

LHS = A(...3j+bj...) = (... A3+ B)...)
=(...AZj+Abj...)=(...AG...)+ (... \bj...) = RHS

. = =N —A
iy (¢ =@y + - S0 YW Gusaigp = )






x> AX wx

X
n s

Basic Properties (2)

Basic Properties (2)

@ (vi) For n x ¢ matrices X and Y, we have
A(X +Y)=AX+AY
o (vii) For s xOnatnces P and @, we have P osrm A me

(P+Q)A=PA+ QA
@followsfrom A(X +y) = AX + Ay. In fact % PA Sx W

-~

A (x+%) =LHS=A(.. X% +¥-..)=(.. AR+ ¥)-..)
=(..A%+AYK...)=(..A%...)+ (... AYk...) = RHS
WV

h
A X AX.
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Basic Properties (2)
Qg
(vii) follows from the identity (P + Q)3 = P3 + Q3 which is Q,
derived in the following way. !
G WA
—— (LHS 3 (B + 1 Bm + Gm)
(Pr@)y " a1(Pr+ G1) Py - + am(Pm + Gm)

=(a1p1 + -+ amPm) + (a1G1 + - + amGm)
=RHS —mu—— ¥_/’

(,i’ T}
% Q&

v—\
O‘IPI*Q(% < -—- + APt Qw%h
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Transposition of m x n Matrices

Nobuyuki TOSE
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Transposition of vectors

a1
Bl 52 | =181 8p)
an
a1
Mayze Ba)=| |
&y
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Transposition of vectors — Basic Properties

Basic Properties (1)

o (i) 3, b € R", we have

t (5+ B) =t3+1h, (A7) =3

. -
o (ii) a, b € (R")*, we have
f(a+b)="‘a+'h, f(\a)=A\a oot Wik
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Transposition of vectors — Basic Properties

Basic Properties (2)

e (iii) 31,...,3, € R™, we have
t =5 - t— t—
(d1+ -+ cdn) =c’d+--+cndy

It follows from the basic property (iii) that
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Transposition of vectors — Basic Properties

The transposition of vectors is related to the dot product by the
following basic property (iv).

Basic Properties (3)

o (iv) For 3, b € R", we have
(3,b)="'3-b
Remark that the both sides are equal to
arby + -+ anb,

= Q Q
= [ por |

Q‘(c&zs ﬂ:(ﬁz\x
Gy ( €,

J
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Transposition of m x n Matrices

ai] ... a ... dln

a : : :
A=(51...5n)= = PT cee o djf e a,-,,,/—\ Ql .
am s z s -

dmli --- dmj ... dmn

Then the transposition of A is a n X m matrix defined by

ai1 amil
'3 :
t t t . -\
A=(ar ... 7a)=| 1 | =|ay amj | =T o
5 - J
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Why do we need the transposition of matrices?

Why do we need such a complicated operation for matrices? We
can explain it by the following theorem.

Theorem

Given a m X n matrix A. Then we have
(AX,5) = (X, "AY)
for x € R" and y € R™.

Before giving proof for the theorem, remark that AX € R™ and
that tAy € R". ——

\
DA nxw g B o Ty Wy,
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Why we do need the transposition of matrices? (2)

G;A'i‘

e

—

=x1(31,¥) + - + Xn(@n, ¥)

X (31, ¥) X1 a1y
= . : = 2
Xn (3, ¥) Xn ‘3,9
X1 t31
= 1 = | 7| =% tA)_/') = RHS
Xn =

O
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2 dimensional linear subspaces and a problem
Given 3, b € R" and assume that
ikb
\_{Ve define the 2-dimensional linear subspace V' generated by 3 and
b by
V= {515—1- Sob; 51,5 € R}

Problem
Given ¢ € R". Then consider the problem to find Vy € V satisfying

#) le-al?<lle-vI* (veV)
Namely to find ¥y € V minimizing

lE-7vI? (VeV)
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Solution to the problem (1)

The first step of the solution is given in the following theorem.

If V, € V satisfies the condition, o 0Q
(##) (€—,V)=0 (?e V)
i
then the inequality (#) holds. = ’Q.:\\’U\b £ ¥ .
Take any vV € V. Then o —
I, oL N Ne = A & \/
|l = vI||I* =[¢ = Y% + (Vo — V)|
- - . DY
= ||g - Woll* + |Ic — ol| =\
v

Remark that the equality holds at the last inequality if >
[l —7V|[?=0 ie V=i
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Solution to the problem (2)

Now we try to find the vector Vo € V satisfying (##) by using a
n x 2 matrix A = (3 b) and its tranposition *A. vy, V are expressed

with A by -
(S> /<SO>\ So atbe % €V

t o 0
Then the condition (#M
o =
¢ T Se + UL c
= S0 s s ’
(c—A( ) A >)=O (()ER)
to t t

Moreover the condition is equivallent to
t S0\  ta= (5 _ S 2
[aa(3) -2 () o ((2) e
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Solution to the problem (3)

Since (t) € R? is arbitrary, the condition is equivallent to

EAA <5°> — tAZ
to

The matrix ‘AA is of type 2 x 2. Moreover we will find that ‘AA is
regular under the condition that 3 }f b. Accordingly we have

o = (PAA) T AZ

The Gram Marix

tAA is called Gram matrix of A. In this case we have

3\ o (@ ) _ (16 (5B
tAA=( 2)Gh) =22 22 =[] ,
()@ (fbs 55) ~ \(5,3) B
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