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Notation and a Remark

Notation M,(R)

The set of 2 x 2 matrices with value in R is denoted by

M>(R) := {A; 2 x 2 matrix with value inR}

Remark and Notation

We have already seen that
A, B € Mp(R) = AB € My(R)
The nth power of A € M>(R) can be defined by

A" =A-- A€ My(R)
——

n copies

or recursively by
AP — AnflA7 AO — /2
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Theorem of Cayley and Hamilton

For A = (a b),we have
c d

A2 —(a+d)A+|Al-h= 0,

(proof)
(2 by (a b)_ a®+bc ab+bd\ [a*+bc b(a+d)
“\c d)\c d) \catdc cb+d*)  \c(at+d) cb+d?,

((a +d)a (a+ d)b> - <a2 +ad (a+ d)b>

“\(a+d)c ad+d?

@+ A= (a4 d)c (a+d)d

bc — ad 0
2 —_ = = — .
A (a+d)A < 0 be — ad) |A] - h
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An Application

Let A= <£11 g) Then it follows from Theorem of C-H that

A% —4A -5k = 0,
We associate to A the eigen-polynomial of A:
®a(N) = A2 -4\ —5=(\A+1)(\A—5)
Then the Vieta's Theorem leads us to
5+(-1)=4, (-1)-5=-5
Thus we get

A2 — ((=1) +5)A+ (—1)5h = 0,
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An Application

We make it in the following two forms:
A2+ A=5A+5h, A>—-5A=—A+5h
Accordingly we get
A(A+ h)=5(A+ kL), A(A-5hkh)=—(A—-5h)

We use these identities repeatedly to get

A"(A+ L) =5"(A+h), A"(A—5hkh)=(-1)"(A-5h)
Namely

AL L AT = B5"(A+ b)), A" _B5A" = (—1)"(A—5h)
This leads us to

6A" =5"(A+ k) — (-1)"(A—5h)
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Polynomials of matrices

We can form polynomials in the matrix A € M,(R).

For any polynomial

f(A):an)\"+---+al)\+ao

we define
f(A) = a0A" + -+ a1A+ agh

Basic properties of this operation is given in the following theorem.

For f, g polynomials in A, we have

(f+&)(A) = f(A) +&(A), (f-8)(A)=r(A)-g(A)
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Eigenpolynomials

Definition and a remark

For A= <i Z) wedefine its eigenpolynomial by

da(N) = Ao — A| = ‘A—a b '

—c A—0b
=X —(a+d)\+ad — bc
=X —(a+d)A+ A

By Theorem of C-H we have

D A(A) = O,
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Application

Let A= <i _31> Then we have by Theorem of C-H

A —4A+4h =0, ie (A-2h)*=0;

We divide A" by (A — 2)2. Then there exist a polynomial g()\) and
a, b € R satisfying

AN =g(\)(A=2)?4+a\+b (1)
We get the derivative of this equation to get

A" =g/ (M)A =27 + g\ (A -2)* +a (2)
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Application

We substitute 2 for A in (1) to get

2"=2a+b (3)
and in (2) to get
"l =a (4)
Thus we get
a=n""1 b=(1-n)2" (5)

Accordingly we have
A" = g(A\) (A =2)% + 2" A+ (1 — n)2"
We substitute A for A to derive

A" = g(A)(A—2h)2 + n2" A+ (1 —n)2"h = n2" LA+ (1 — n)2"h
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