Special Matrices

O, Zero Matrix
=5 b 00

is called the zero matrix. It satisfies the identity

02X=XO2202
0>X = O, follows from - ~ - -~ Y
RN = W OL\( . QD_ C')(‘ D('L \ — (61 )(' OZ XLB
00 0+ %0 -
02)_(‘:(0 0) i;) —X10,+X20:O — o o 3
_ ke B
and X0z = O from X O, = X (00o) =(Xo Xa )
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Special Matrices 2

I ldentity Matrix
oo 10
L= (¢ &)= (0 1>

is called the ldentity Matrix. It enjoys for a 2 x 2 matrix X, the

identity
Xh=hX =X

It follows from the identities
(3 b)& =15+ 0b =3, {J b)& =03+1b=bh
~ —\ 3
[,

that
Xh = (X1 %)(61 €&2) = (X1 %

Moreover LX = X from
@ &) () =xa+ya=x(1)+y(°) = (*
162 y - 1 .y2_ O y 1 - y



Inverse matrix

We have the identity
a b d —-b\ [(d —b\[a b __(ad — bc 0
c d/\-c a ) \-c a c d) 0 ad — bc

N——\ D ———————
Cofactor Matrix

For A = ((a: Z), its cofactor matrix is defeined by
¥

(L
—iC a

Then we have the identity

S LAl =od-4 ¢

AA=AA=|A|-h
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Inverse Matrix 2

Assume that |A| # 0. Then multiply by |—i\| and get

Inverse Matrix
In case |A| # 0, the Inverse Matrix of A is defined by
1

L 1 (d —b> A:Q%SB

|A| ad —bc \—c a

hoN]
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Regularity of Matrices, Uniqueness of Inverse

Regularity of Matrices

A 2 x 2 matrix A is called regular if there exists another 2 x 2

matrix X satisfying - 5
AX = XA=1h £5 1ar=e,

In this situation X is called the inverse of A. T A Uy r\.o_,Q‘,u-(o\,\_

o (i) If |JA| #0, Ais regular.
o (ii) (Uniqueness of the inverse) Assume

AX=XA=hL, AY=YA=1h
Then X =Y. In fact, from AX :@multiplied by Y from

the left follows . T
Y(AX) = Y =(V) -

)
On the other hand, Y(AX) = (YA)X = LX =
Accordingly X =Y.
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(

Theorem A

In case |A| =0
klicoremA - ERIRHL /- TRORERGER PR

d
v # 0 satisfying AV = 0.

£)(-
NS
& (i) In caseP#Oorc#d,” _dc> 40 AND A(_dc> =

o (ii) In case b # 0 or €}# 0, (‘ab) #0 AND A (‘b) =0
o (iii) Not (i) AND Ndt (ii). Then A= O,. -y 2 -

Let A= <i b) a 2 x 2 matrix with |A| = 0. Then there exists

=0 awd ¢= 9,
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Equivalent conditions for regularity

If Ais regular, then

. X . e
Thus it follows from Theorem A that if |A| = 0 then A is not o U
regular. =N
Theorem B
The following (i), (ii) and (iii) are equivalent for a 2 x 2 matrix A.

o (i) Ais regular. Theae o xisTs
o (i) AV=0 = v=0 3 Y r % o
o (iii) |A] # 0. Aty S

This weve \uz.wjms

J RS
(\,o._%/u(M.

Proof for Theorem B

T3 [A[>v=y A s woX (\,O.ﬁru.(v\—\r

\/ e (i) = (iii) The contraposition Not (iii) = Not (i) is already
shown.
o (i) = (ii) Already shown.
o (iii) = (i) Already shown. J
@ The contraposition Not (iii) = Not (ii) is given in Theorem A.

NS ~—
Na - i "’
Cl) DAl o = . campd =e
AC=3
| i)
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Definition
Given two 2 x 2 matrices

Addition of two 2 x 2 Matrices
(IO TEE S e P e T e

and . "
- = b
B—(E BE)= (P} (b 12)
(br b2) (b2> (bzl b2z
Then the 2 x 2 matrixA + B is defined by

a1 + b1> _ <311 + b1 a2+ b12>

A+B=(31+bh 32+b2)=(az+b2 az1 + bo1  ax + b
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Basic Properties (1)

Basic Properties (1)
o (i)(A+B)+C=A+(B+ ()
0 (i)A+0,=0,+A=A \B AR~ C
o (i) A+B=B+A
o (iv) \(A+B)=XA+)AB
o (V) A+ pu)A= A A+ LA

—

i) follows from (3 + b) + & = 3+ (b + ©).
ii) follows from3+0=0+3=a.

(

( T _ -
(iii) follows from 3+ b= b+ 3. = _e__*_ ; o 2
(v) follows from ( F=AF+Hd

(

iv) is proved as follows.
LHS = \(31 + by 32 + bo) = (A(31 + b1) (32 + b2))
= (AF1 + Aby A3y + Aby) = (A\3) A32) + (Aby Aby) = RHS
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Basic Properties (2)

Basic Properties (2)
o (vi) A(B+ C)=AB+ AC
o (vii) (B+C)A=BA+ CA A
C \;\| ) @follows from A(E+ g} = Ab +!g, fact

= (Ab1 + AG Aby + AG) = (Ab1 Aby) + (AG A&) = RHS
R
¢

. T AL
('U[,)@ollows from the identity (B 4+ C)3a = B3+ C3 which is derived
as follows.

LHS:(El-I—E]_ 52—{-(—_:2) a1 :31(51+El)+32(52+52)
az

— iwi = (3151 - 3252) + (3151 + 3262) = RHS
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Theorem of Cayley and Hamilton

In the case of 2 x 2 matrices

Nobuyuki TOSE

October 18, 2016

5 N:‘)lmyfik’u ‘TOSE_ Theorem of Cayley and Hamilton

Notation and a Remark

Notation M>(R)

The set of 2 x 2 matrices with value in R is denoted by

M;(R) := {A; 2 x 2 matrix with value inR}

Remark and Notation ‘

We have already seen that
A, B e M(R) = AB € M,(R)
The nth power of A € M(R) can be defined by

A"=A---Ac My(R)

n copies

or recursively by
AT=A"TA A=
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An Application

We make it in the following two forms:

—
= TN 5A 45/, —A+5/ E x
i 45, +50 ACA-ST,

Accordingly we get
AA+ L) = 5(/4—f-/2)7 A(A—5/2) = —(A—5/2)
We use these identities repeatedly to get

A"(A+ k) =5"A+1h), A"(A—-5hkL)=(-1)"(A-5h)
Namely

AL L AT = 5"(A+ ), A™! _5A" = (-1)"(A-5h)
This leads us to A“ = i 5—“ CATILY —"z: (“)“ CA‘ytw y
6A" =5"(A+ h) — (—1)"(A —5k)
ATCA+T,y = A ACARET,y = A'(‘?CATMB

= 5 ACA+T.N= 5 5 (AT )5 CAT, )

‘A‘A‘LCA-“TWB: Ae 516"\1‘—{\\)
T BT ACA«TY = §E (AT,

Polynomials of matrices

We can form polynomials in the matrix A € M,(R).

AsCA*1m)

For any polynomial
f(A)=an A"+ -+ aA+ a0
we define
f(A) :=agA"+ - - +a1A+ aph
Basic properties of this operation is given in the following theorem.

For f, g polynomials in A, we have

(f+&)(A) = f(A) +g(A), (f-&)(A)=F(A) g(A)
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Theorem of Cayley and Hamilton

ForA:(a b),we have

c d

Az—(a+d)A+|A|~/2:OQ

a b\ (a b\ [a*+bc ab+bd\ [a*+bc b(a+d)
c d) \cat+dc cb+d*)  \c(a+d) cb+d?

_(22+ad (a+d)b
“ \(a+d)c ad+d*

_[((a+d)a (a+d)b
(a+d)A‘<(j+d)i <§+d)d)

AZ—(a+d)A=<bCaad b )=_|A|-/2

c—ad
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a e
A= (,cQ>
A*-catd) A+ Cad-oy T = O

A

An Application

1 2). Then it follows from Theorem of C-H that

4 3
e B BN )
Az—@—52=02

LetA:<

We associate to A the eigen-polynomial of A:
®a(A) = A2 —4X—5=(A+1)(\—5)
Then the Vieta's Theorem leads us to
54(-1)=4, (-1)-5=-5
Thus we get

A% — ((=1) +5)A+ (-1)5h = 0,
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