
SpecialMatricesM

『O2ZeroMatrix ’

(: :）
一→

02=(00)=

iscalledthezeromatrix. ltsatisfiestheidentity

O2X=XO2=Q

～、O2X=O2fbl lowsfrom OaX=Q2GIIR入O2X＝O2fbl lowsfrom OLX＝Q2〔つ(‘ 、(z、

（:)=麹，冊=，
→→

02%=(00)

×・込=fX(5，舌)=andXO2=O2from
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SpecialMatrices2

r

hldentityMatri
1

X

(; :）/2＝(目,壷)＝

iscal ledtheldentityMatrixltenjoysfOra2×2matrixX, the
identitv

ゴ

Xh=/hX=X

ltfbl lowsfromtheidentities

→ → → → →

(3b)閾=13+0b=3,

圏意時胸了美武食that =

xh=(r,Z)(司壷)=(%ixi)=x

MoreoverhX=Xfrom

〕

侭副(》)=※計"鐘-×(;)半,(1)(》）
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Inversematrix

Wehavetheidentity

(: :)(乳首‘)（ユゴ)(: :)(｡d5"｡d2")
二一一三一 一 一

I 1CofactorMatrix

(諸）ForA= , itscofactormatrixisdefeinedby
IAI二a4－8し一一

～ 一

(ユヂ）
~

A=

Thenwehavetheidentity

~ ~

AA=AA=|Al ･ /2
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InverseMatrix2

Assumethat lA|≠0.Thenmultiplyby向ﾖndge上

A向八=丙ハ A=/2

I

|ncase lA|≠0, thelnverseMatrixofAisdefinedby

A=("
‘-‘=尚入＝ ． ‐‘（_‘ 。）

1

ad-bc

）
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RegularityofMatrices,Uniquenessoflnverse
r

RegularityofMatriceS I
A2×2matrixAiscalledregular ifthereexistsanother2×2

matrixXsatisfying
ZjIAI雫oAX=XA=/2 ／

+L､-LAts 八A-ﾔ/←(｡､"",|nthissituationXiscal ledtheinverseofA.

o(i) |f lA|≠0,AiSregular.

｡(ii)(Uniquenessoftheinverse)Assume

AX=XA=/2, AY=YA=t
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Incase lA|=0

r

TheoremA

（: :)｡,×'"誠『ixwith lA|=0.Th筐･th筐…、LetA=

→ 一÷

ザ≠OsatiSfyingA7=0.
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EquivalentconditionsfOrregularity

－1 －1

A o
↓
。A-ICA亭〕/' A･LA!|fAisregular, then

－－

藤#'一'1
AV=0 impl i

Thus itfbl lowSfromTheorem |A|=
regular.

I
TheoremB

侭Thefbl lowing(i), (ii)and(i i i)areequivale

o(i)Aisregular.
→ →

｡(ii)A7=0 今 ザ=0

o(iii) |A|≠O
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八典-f/u(0しL

八、
〔i）今し'ib

r3 IAI､o=､AishLゴ IAl垂､今Aish･易tr,J2f､L(c~､‘

V o （/)→(///)ThecontrapositionNot(ii i)→Not(i) isalready
shown.

。（/)→(//)A|readyShown

」。（"/)→(I)AIreadyshown

｡ThecontrapositionNot(ii i)→Not(i i) isgiven inTheoremA
-一

､毎
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Additionoftwo2×2Matrices

｢Definition
Giventwo2×2matrices

I

（:;)-(:澱）A=(5132)=

and

（&)-(:蝿）
→ →

B=(b,b2)=

Thenthe2×2matrixA+BisdefinedbV

（:蝿)=(:票窒
→ →

A+B=(3,+6,32+b2)= ）
al2+bl2

a22+b22
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(1)BasicProperties

r

BasicProperties(1) I

e(i) (A+B)+C=A+(B+C)～う A｡(ii)A+02=02+A=A

o(iii)A+B=B+A

o(iv)MA+B)=AA+B

o(v)0+")A=AA+/JA

(i)fbl lowsfrom(3+b)+E=3+(b+E)

(i i)fbl lowsfrom3+0=0+3=3.

-t･ 13- (_

→ →

(i i i)fbl lowSfrom3+b=b+3
(v)fbl lowsfrom

(iv) isproveda:v) isprovedasfbl lows

LHS=入(31+6,32+b2)=(M31+b,)Mg2+62))

＝(入百1+"1入玉+J2)=(入司入玉)+(Ab,Ab2)=RHs
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(2)BasicProperties

F

’BasicProperties(2)

o(vi)A(B+C)=AB+AC

M鯛莨灘離
LHS=A(61+Eib2+.)=(A(61+面)A(b2+Ei))

=(Ab,+Aa1Ab2+Aa)=

LVii)CI)Q| |o｡mtheldentity(B+
aSfbl lows.

A可AEh)=RHs
QAC

3which isderivedc)3=B3+c

１１２ａａ
／
ｊ
１
１
、

→ →

LHs=(b,+ab2+&)
→ →

=a,(6,+Ei)+a2(b2+Ei)
→ 一

=(a,b,+a2b2)+(a,Ei+a2&)=RHs：＝＝
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TheoremofCayleyandHamilton
Inthecaseof2×2matrices

NobuyukiTOSE
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Ndけ螺職考"生総TIi"remofC"leyandHamiltml

NotationandaRemark

『

INotationM､R)
t匙■

Thesetof2×2matriceswithvalueinRisdenotedby

M2(R) :={A; 2×2matrixwithvalueinR}

｢RemarkandNotatio 1、

Wehavealreadyseenthat

A,BEM2(R) =>ABEM､R)

ThenthpowerofAEM2(R)canbedefinedby

An=とJEMb(R)
ncopies

orrecursivelyby

A"=A"-'A, Ao=/2
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An Application

Wemakeit inthefbllowingtwofbrms
一一一

-A+5/2 =ACA-虹､
一－－

A(A､鼎｡rdinglyweget
A2_5A=5A+5/2,

）

A(A+/2)=5(A+/2), A(A-5/2)=-(A-5ﾉ2)

WeusetheSe identitiesrepeatedlytoget

An(A+/2)=5"(A+b), An(A-5h)=(-1)"(A-5h)

Namely

An+'+An=5"(A+/2), An+'-5An=(-1)"(A-5/2)

This leadspsto A蝿二か"“fい-t(-!)､' cA-廓､〕
6An=5"(A+h)-(-1)"(A-56)

rD 4 IT 唾

▲ F 守 Nobuyuk!TOSE I TheOranofCayleyandHamilt。、

A2(A･t･r､) =AAい瓜)=A<ぢ(Afr',,))

二ヶA船篭丁凸二F虻八権T,)=FcA篭T抄j
A3<A÷てい＝二A、AzCAで丁､>:=A･52“そて､）

こ ぢ江A(A､~r,/>=r2． Fいでrハ

Polynomialsofmatrices

Wecanfbrmpolynomials inthematrixAEM2(R)
F

Definition I
Foranypolynomial

f(A)=anM+…+alA+ao

wedefine

f(A) :=aoA"+…+a,A+ao/2

Basicpropertiesofthisoperation isgiven inthefbl lowingtheorem

｢Theorem

Forf,gpolynomials in入,wehave

I

(f+g)(A)=f(A)+g(A), (fg)(A)=f(A).g(A)
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TheoremofCayleyandHamilton

Theorem

F･『A-(: :)-
I

一一､

(proof)

ハ'=(: :）

A2_(a+d)A+|A| ､ /2=02

(: :)-(::"(: ： ‐ :期f
，

/(a+d)a (a+d)b
(|": |":）

）
ab+bd

cb+d2 偽窃
+d)、

+d2/
b(a
cb

:＝＝

(:剛 ）
(a+d)b
ad+d2

(a+d)A= :＝＝

(6[5｡｡ @2｡d)､'a+d)A=A2-(ヘA成

|鷲.磯f鍵
.P,
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2

A= (")
A2-[αそいA+ccxd一心､)T､z_=O Z

AnApplication

(鼈）LetA= Then itfbl lowsfromTheoremofC-Hthat

A2_

=t-I)、5－
WeassociatetoAthee陸n-polynom/a/ofA:

のA(M=F-4入－5=(A+1)(入－5)

ThentheVieta'sTheoremleadsuSto

5＋(－1)＝4， （－1) 5＝－5

Thusweget

A2_((_1)+5)A+(-1)5/2=02
■＝
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