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Review 1: 2 x 2 Matrices

2 X 2 matrices

o Ch dil  a12
az azl ax

A 2 x 2 matrix is given in the following ways.

o (i) Combining two column vectors 31, 3, € R?

@ (ii) Combining two row vectors a; and a

e (iii) Giving 2 x 2 components.
NB aj; is used for the component of the ith row and of the jth
column.
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X51 TF y52
a
_ X( 11> iy <312> _ <X811 +y312>
an1 an Xaz1 + yaz»
)
ai
_ y
)
az
y

Here we use the multiplication of a row vector and a column vector
defined by

AC) -

(a B) (;) = ax + fBy
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Review 3: Multiplication of two 2 x 2 matrices

Take another 2 x 2 matrix

Then
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Linear Map defined by using A

A Map defined by A

Given a 2 X 2 matrix

g ai a1l  a12
a2 al a2
we can define a map

Fa:R?> — R?

s s o o
<t> — A (t) = saj + ta
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Linearity of Fj

F4 satisfies the following basic properties called Linearity.
o (i) Fa(X +¥) = Fa(X) + Fa(¥)
o (ii) Fa(AX) = AFa(X)
o (iii) Fa(AX + 1y) = AFa(X) + pnFa(y)
These three propeties are identical to the following.
o (i) A(X+y)=AX+ Ay
o (ii) A(AX) = A(AX)
o (iii) A(NX + uy) = MAX) + u(Ay)
Moreover remark that (iii) can be easily derived from (i) and (ii).
In fact

A + 1) = AOR) + A7)
— MAX) + u(AY)
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Proof for (i)

(1)) 422
X2 Y2 X2 + y2
= (x1+y1)a1 + (x2 + y2)a>

= X131 + Y131 + X0d2 + yod>
= (x131 + x232) + (131 + y232)

—A <X1> +A <y1> — RHS
X2 Y2

- AXq
LHS = A ()\Xz)

= ()\X1)§1 + ()\Xg)gz
= )\(X131) + /\(X2§2)
= )\(X131 + X2§2) = RHS

Proof for (ii)



Associativity

Thanks to the Linearity, we can prove the following theorem
about Associativity.

Theorem: Associativity

Given 2 x 2 matrices A and B. Then we have for X € R2.
(AB)X = A(BX)
In fact,

RHS = A(Xlgl -+ X2Bz)
= Xl(AE;l) + XQ(ABQ)

= (Ab; Aby) <’X<1> = (AB)X = LHS
2
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Theorem: Associativity

Given 2 x 2 matrices A, B and C. Then

(AB)C = A(BC)
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Scalar Multiplication to Matirces

Scalar Multiplication to 2 x 2 Matrices

Given a 2 x 2 matix

= = ax a1 di2
A = (a1 az2) = =
( ) ap a1 an)’
we define a scalar multiplication by A to A as follows:

M = (V31 Az = <)\a1> _ ()\an )\a12)

)\az )\321 )\322
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Scalar Multiplication to Matirces

o (i) (M)X = A(A%) = A(\X)
o (i) (MA)B = A(AB) = A(AB)

The proof for (i) is given as follows:

(MR = (A3 \32)R

Moreover the property (ii) is derived easily from (i).
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Other Basic Properties of Scalar Multiplication

o (iii) A+ pu)A=NA+ LA
o (iv) (Au)A = A(nA)
o (vV) IA=Aand 0A= 0,
These properties can derived from the following corresponding

properties for vectors. It is necessary to define the addition of
matrices to understand (iii), and we put it off for a couple of weeks.

o (iil) (\+ )5 = N5+ 13

o (iv) (An)a = A(pad
o (v)13=3and 03=0
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Special Matrices

> 00

is called the zero matrix. It satisfies the identity

O X = X0, = 05
0> X = O, follows from

0% — (0 0) (Xl) 04 %0 = 0
X2
and XO, = O, from
= - -4 (0 o L, =
X0 = (Xl Xz) <0> =0x1+0x, =0
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Special Matrices 2

> ldentity Matrix

b= az>=((1) (1’)

is called the Identity Matrix. It enjoys for a 2 x 2 matrix X, the
identity
Xbh=hX =X

It follows from the identities
(3b)é, =13+0b=3, (3b)&=03+1b=0hb
that
Xh = (X X%)(61 &) =(x1 %) =X
Moreover hX = X from

(3, &) (;) = x& +y& = x ((1)) Ty (?) - (;)
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Inverse matrix

We have the identity
a b\(d -b\ (d —b\(a b
c d/\—c a ) \—-c a c d

Cofactor Matrix

ad — bc 0
0 ad — bc

.~|

For A = (i d>' its cofactor matrix is defeined by

—c a
Then we have the identity

AA=AA=|A|-hk
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Inverse Matrix 2

Assume that |A| # 0. Then multiply by ﬁ and get

1. 1.
A A=A A=
Al A

Inverse Matrix

In case |A| # 0, the Inverse Matrix of A is defined by

1 1 d -—b
Al — A=
|A| ad — bc (—c a >

b
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Regularity of Matrices, Uniqueness of Inverse

Regularity of Matrices

A 2 x 2 matrix A is called regular if there exists another 2 x 2
matrix X satisfying

AX =XA=h
In this situation X is called the inverse of A.
o (i) If |A] #0, Ais regular.
e (ii) (Uniqueness of the inverse) Assume
AX=XA=h, AY=YA=1|

Then X =Y. In fact, from AX = /b multiplied by Y from the
left follows
Y(AX)=YhL=Y

On the other hand, Y(AX) = (YA)X = hX = X.
Accordingly X =Y.
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In case |A| =0

Let A= (i Z) a 2 x 2 matrix with |A| = 0. Then there exists

v # 0 satisfying AV = 0.

€)= 0)-0)

© (i) Incase d # 0 or c #0, <d>#6 AND A(d)

—C —C

0.

o (i) Incase b # 0 or ¢ # 0, <_ab> #0 AND A (_ab) =0.
o (iii) Not (i) AND Not (ii). Then A = O,.
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Equivalent conditions for regularity

If Ais regular, then
AV =0 implies v =0.
In fact by multiplying A~! to AV = 0 to get
ALAV = A710 namely v = hv =0

Thus it follows from Theorem A that if |[A| = 0 then A is not
regular.

Theorem B
The following (i), (ii) and (iii) are equivalent for a 2 x 2 matrix A.

o (i) Ais regular.
o (i)AV=0 = v=0
e (iii) |A| #0.
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Proof for Theorem B

@ (i) = (iii) The contraposition Not (iii) = Not (i) is already
shown.

e (i) = (ii) Already shown.

e (iii) = (i) Already shown.

@ The contraposition Not (iii) = Not (ii) is given in Theorem A.
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Addition of two 2 x 2 Matrices

Definition

Given two 2 X 2 matrices
= = ai a1l d12
A= dy dy) = =
( ) az a1 ax

i by b11 b12>
(b1 b2) <b2) <b21 boo
Then the 2 x 2 matrixA + B is defined by

a; + b1> _ («911 + b1 anp+ b12)

A_|_B:(31—|—b132+b2):<a2+b2 ar1 + by1  ax + by
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Basic Properties (1)

Basic Properties (1)
e ()(A+B)+C=A+(B+(C)
0 (iI)A+ 0, =0,+A=A
o (i) A+B=B+A
o (iv) M(A+B)=)A+)B
e (v) ()\—i-,u)A:)\A—i-,uA
i) follows from (3 + b) 5+ (b+ ).

(i

(i) follows from &+ 0 = 0 = 3.
(iii) follows from 3 + b= .

(
(

G‘l

+a
A+ pa.

v) follows from (A + u)d

iv) is proved as follows.
LHS = \(31 + by 3 + by) = (A(G1 + b1) A(32 + b2))
b a

1
= (N\a1 + )\bl Ady + Aby) = (A3 A\ap) + ()\bl )\b2) RHS



Basic Properties (2)

Basic Properties (2)
o (vi) A(B+ C)=AB+ AC
o (vii() (B+C)A=BA+ CA

(vi) follows from A(b + &) = Ab + AC. In fact

LHS = A(Bl + & 52 + 82) = (A(Bl + 61) A(Bz + 62))
= (Aby + A Aby + Ad) = (Aby Aby) + (A& AG) = RHS

(vii) follows from the identity (B + C)a = B3+ C3 which is
derived as follows.

LHS = (by + & by + &) (2) = a1(b1 4+ &) + ax(by + &)
=...= (3151 + 3252) + (8161 + a262) = RHS
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