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Dot Product of Two Vectors

Dot Product: Definition

Fortwo vectors X=| : |, y=] : | €R”", the dot product of

Xn Yn
X and ¥ is defined and denoted by

(2,;") =x1y1+ -+ XnYn

Length of Vectors: Definition

The length of X € R" is defined and denoted by

Kl = VER) = [+ +2
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Basis Properties of Dot Products

Be
(1.) (Commutativity)
(%.7) = 7:%)
(2.) (Bi-linearity (i))
(A%, y) = (X, A¥) = A(%,¥)
(3.) (Bi-linearity (ii))

(%+7,2) =(X,2)+(¥,2), (X,y+2)=(Xy)+(X,2)

(4.)

An Important Formula

An Important Formula

For X, y € R", we have
1% + 7I1? = I%1* + 2(%, 7) + 171
(proof)
LHS = (XQY,X+Y)
= (XX (V, XY
= (X%X)+ %Y+, X)+(,Y)
= |IRIP +2(%,7) + 1§12 = RHS

If X, ¥ € R™ are orthogonal, i.e. (X,y) =0, then

1% + 7117 = 1I=11* + 17112
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Cauchy's Inequality

Cauchy's Inequality

72 <IKIP-17IP #)

A small remark before the proof

Q
e, S -
IXR]| = A - [I%]] (X, 0) = N
= ~\,, - —
(proof) (i) In case y = 0, the inequality (#) is OK. (L ft = (Lel("= O
(ii) In case ¥ # 0, remark that ||7||?> > 0. We develop [|X — \y|[?
as follows. .
2 22 2112 - =112 A S !
0< X =MI1F = [IX]I° —2(XQ7) + [|AV]] .
= [IXI? - 2%, 7) + X712 = AN vy iy

Since the above inequality holds for any A € R, the Discriminants
of quadratic equation is

2P IvkP<o = (=%

Triangle Inequality

Corollary to Cauchy's Inequality

1%+ 711 < [IX]] + [171l

(proof) We have < =i 1y
J®+7||2 = ||5<'|12+ 17117
Moreover ¢
2(x,y) <2|(x, ¥)l < 2IX]| - 11yl
Accordingly

IX+71 < NRIP+ 2% - 171 + 11712
= (Il +11711)?
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@

problem

1 -1
% 1 - 2 . o

Let a= b b= 1| Then we try to find the minimum

2 i}
value of 3

F(t) = |15 - alP
We develop ||b — t3]|2 by (- (=V) ¢ 9
1B — 412 = £2/|3112 — 2¢(5, B) + || B Ty 5 e |

We have moreover ||3]]2 =7, (4,b) =2, ||b||> = 7. Thus -

f(t) = 7t —@t+7:<t)(t— 2)2+7

Accordingly we find thj'; f(t) has the minimum value £ when
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Problem

Problem in general

Let 3,5 € R” and assume that &% 0. Problem is to find the
minimum value of

F(t) = ||b— tal?

First we make the same approch by developing ||E — t3]|? by
Val Wt W ua

B— 131 = 2|17 — 263, B) + | BIP
1B~ ta1|? = £2||a1[2 - 2¢(, B) + ||B] i |

B @5 , (5.5
”""'”\f/(t )*@ EE

Thus f(t) takes its minimum value when t = 21? :
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Geomtric Interpretation

In case n=2 or n =3, it is clear that ||b — t4][2 is minimum when
(b—t3) L&
This condition is equivallent to
(3,b)
NER

This is identical to the result obtained by minimizing the square
functions of t.

(b—ta,3) = (b,a) — t|a]P =0 namely ¢

=
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Orthogonal Projection

Orthogonal Projection

is called the orthogonal projection of b in the direction of 3.
w satisfies the conditions

o (i) (b—w) L&
e (ii) w = tad for some t € R.
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followmg ways

e (i) Combmmg two column vectors 31, 3 € R
@ (ii) Combining two row vectors a; and a
e (iil) Giving 2 x 2 components

NB aj; is used for the component of the 1th row and of the jth
column. , ‘
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5 TN = <q”
QCQ‘“lO“z\ Qaj

Here we use the multiplication of a row vector and a col
defined by ' ' '

@ ) @ o By
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g9

)

Take another 2 x 2 matrix

B={f Bj= (22)

Then

AB = (AB; AB,) = <31’31 al“?)

axby axb,
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we can define a map

R R

S i SNy _.
(f) }——«)A (t) = 531 —!—taz .
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j:Fi\ satisfies the following b
e () Pl +7)=F

These three propeties are identical to the following.

e (i) A(X+y)=AX+ Ay

e (ii) A(AX) = A(AX)

e (iii) A(AX + uy) = MAX) + u(Ay)
Moreover remark that (iii) can be easily derived from (i) and (ii).
In fact ci )

AKX + py) = A(AX) + A(uy)
= A(AX) + u(Ay)
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Proof for (i) cay &y )

_ X1 Y1 s X1+ w1 © ‘ -~ “
His=A <(X2> L <y2>> _@<Xz +y2) e Q€ (R‘
= (x1 +x)a1 + (2 +)2)3
T e T b v CAtm) a
= X131 + y1d1 + X232 + Y2a>2
4 - ; = = =X )
= (x131 + x2@2) + (y131 + y232) = A& ¢ M0

= A <X1> +A (yl) — RHS
X2 y2

p—ﬂ
Proof for (i) Ca, &)
o
LHSz@(/\)Q)

= (/\X1)31 + (/\X2)§2
= /\(X131) + )\(X232)
= /\(xlé'l + X232) =RHS .. .
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Thanks to the Linearity, we can prove the following theorem
about Associativity.

B. Thén we have for

In fact,
- RHS = A(x1by + x2b2)
Ciu ) >Cx1(Aby) + x2(Aby) L

— (Ab; Aby) (2) — (AB)X =®HS
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Given 2 x 2 matrices A, Band C. Then

(AB)C = A(BC)

REs = (A camy e, )

= (AT AR )

T ~
B\/Tb‘ l&nx Tleonp.. - A CBC' .;4‘3..C \
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ACBC) = RKS.

G o a1 ' a;lvlv‘,::. 312:
A.:: 135 )= Hocens :
( _1 2) (32> (821 32‘2') :
we‘define ;é_:'v_'s_calarr'm'ultiprlication by Ato A as follows:

| _/\52) . ( i:;) . ()‘311; , /\aiz) .

/\321 /\322
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