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We show that in a public goods economy with a linear production technol-
ogy, the core is precisely the set of allocations at strong equilibria of a certain
strategic game. The game is simple enough and involves virtually no specific
mechanism, describing what and how much commodities players are willing
to transfer each other and to contribute to public goods provision, which is
just a concise description of a procedure to arrive at an allocation in such an
economy. This result suggests that the two solution concepts can be in fact
very close each other in such an economic situation.
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1. INTRODUCTION

As is well known, the core of a game is a solution concept that implies
the situation at which no coalition of players can make itself better off. The
strong equilibrium of a strategic game, on the other hand, also describes
a similar situation given that the strategies of the complementary coalition
are held fived (Aumann, 1959). The two concepts are thus closely related;
so that one might consider that the existence is also closely related each
other. However, a general condition for the existence of a strong equilib-
rium is not known; whereas, that of the core is well known (Shapley,1967;
Scarf,1967,1971). In fact, as Bernheim, Peleg and Whinston (1987) note,
the strong equilibrium is almost always nonexistent, which was one of the
motivations for developing the concept of coalition-proof Nash equilibria.

In the literature, however, there can be found several studies dealing with
strong equilibria applied to specific socio-economic situations. Some exam-
ples are Kalai, Postlewaite and Roberts (1979), Peleg (1984), Greenberg
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and Weber (1983), or more recent Nishihara (1999). Among others, Kalai,
Postlewaite and Roberts (1979) (KPR, for short), is one of the earliest ap-
plications to an economy with public goods. They showed that the core of
that economy coincides with the set of allocations at strong equilibria of
a game defined on the economy under an explicit mechanism of coalition
formation. This of course implies that the game has a strong equilibrium
because the core of the economy is nonempty.

In this paper, we shall further proceed with showing the equivalence of
the core and the strong equilibria under the same economic environment;
but in a more primitive level than KPR and any other similar results in the
mechanism design literature. For this purpose, we define a simple strategic
game with virtually no specific rules or mechanisms to obtain outcomes.
In our game, rather than proposing final allocations, players choose the
strategies prescribing what and how much goods to transfer each other
and contribute to the public goods provision under the resource constraint.
This is just a concise description of a procedure to arrive at an allocation
in this economy.

In the special case where the production possibility is absent, the game
reduces to a slightly modified version of the pure exchange strategic game
appeared in Scarf (1971) ( see also Mas-Colell,1985). In this sense, our game
is a natural extension of the pure exchange game to that of a production
economy with or without public goods, which would in turn suggest that
the core and the strong equilibria can be in fact very close each other in
these typical economic situations. These results further imply that another
core concept, the J-core of the games corresponding to these economies are
nonempty because the strong equilibria are contained in the B-core by
definition.

2. THE MODEL

We consider a public goods economy consisting of n consumers, m pri-
vate goods and [ public goods. Let N = {1,...,n} be a finite set of agents.
Each agent i € N is characterized by (X;,u;,w;), where X; C R'!" x Ri
is 4’s consumption set, u; : X; — R is 4’s utility function, and w; € R}" is
i’s initial endowment of goods. We denote by (x;,y;) € X; a commodity
bundle of agent i. The first components z; = (z}, ..., zI") are private goods
and the second components y; = (y}, ..., y!) are public goods. The available
technology is represented by the production possibility set Y C R™*. Pos-
itive components of elements in Y are outputs, while inputs are negative.
Formally, a public goods economy is defined as (N, X;, u;, w;, Y). We make
the usual assumption that

a. (wi,0) € X;,
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b. if for all y, 7 € RQ_, (z,y) € X; and § > y then (z,7) € X;, and
c. Y is additive [i.e. Vz,2/ € Y = z+ 2 € Y] and (0,0) € Y.

In this paper, we denote by ((21,¥1), .., (Zn,yn)) the generic element of
[I;cn Xi. Nonempty subsets of IV are called coalitions. For each coalition
S, (i, yi)ies and (zi,yi)igs will be denoted by (rs,ys) and (z_s,y-5s),
respectively. Further, (zg(7),ys(?)) or (zs,ys)(i) will be the projection of
(7s5,ys) onto X;. For each coalition S, we define a subset of [ ],y X; as

N 1V’L€Sa Yi =Y,
Xo =< (zs.ys) € [[Xi| 2. VieS, (i) € X, :
= 3. Yiesriy) €Y + {3, cqwil-

which will be called the set of S-feasible allocations. Let T C 2V \ {#} be
the set of all permissible coalitions.

DEFINITION 2.1.  The core of the public goods economy is defined as

1. ﬁ(as €T, Hug yg) € Xs :
CO =@y e[ Xi| vies ules)ys@) > wilef,u))
N 2.vS e T, (ak,yh) € Xs

The set T captures the stability requirements. When T = {{1},...,{n}},
the set of individually rational allocations equals C(T). When T consists
of all coalitions, C(T) equals the core usually defined.

We now define the core and the strong equilibria in the public goods
economy. To do so, we construct a strategic game corresponding to this
economy. Let S; be the strategy set of agent i given by

JEN Yij 7

LYh=1,..,m > th =zl
2. (:ri,ri) cyY + {wl} ’

nxm nxl
5= { () € R xRY

We interpret that tfj is ¢’s transfer of the private good h to agent or player
7, and r; describes how much public goods player i is willing to contribute
to their provision. Note that tlhj is not assumed nonnegative: when tlhj <0,
this means that player ¢ is requesting player j of good h.

Any strategy combination s € [ [, Si generates an allocation a(s) given
by

((Zjethlv ZjeN Tj)a ey (ZjeN tin, ZjeN rj))
a(s) = if this belongs to J],cy Xi,
(w1,0,...;wp,0) otherwise,
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which is our allocation rule.

For each strategy s, player or agent i obtains utility v;(s1,...,8,) =
u;(a(s)(i)) through the allocation a(s). Furthermore, let ss = (s; € S;|i €
S) be the strategies of a coalition S and s_g = (s; € S;|i € S) be the
strategies of the complementary coalition N \ S. Thus, the strategic game
for the public goods economy is characterized by G = (N, S;, v;).

DEFINITION 2.2.  The strong equilibrium of G is defined as

—(3S €T, Isq € [[.. S; :
SE(T)={s"€ H S; ( ;3ss € [lies
iEN Vie S, vi(sg,s%g) > vi(s*))

The set T captures the strength of the strong equilibrium. When T =
{{1},...,{n}}, SE(T) is the set of Nash equilibria. When 7 consists of all
coalitions, SE(T) equals the strong equilibria usually defined.

3. RESULTS

Before stating our main results, we just note that any strategy combina-
tion of the game generates an N-feasible allocation in the economy.

Remark 8. 1. Vs€ S, a(s) € Xn

Proof. By the definition of the allocation rule and the assumption (c),
we can obtain (3, yw;i,0) € Y + {>,.ywi}. Moreover, noting Y is
additive, if for all i € N, (2j,7;) € Y + {w;i} then (3o n iy 2 ey Ti) €
Y + {3 ;cnwi}- By the definition of S;, we can conclude that

(Z Ztij’zri) ey + {Zwl}

ieNJjEN  ieN ieN
Hence, a(s) € Xn. |

PrROPOSITION 3.1. If N € T and (z*,y*) € C(T), then the strategy com-
bination s(x*,y*), which is generated by (z*,y*), belongs to SE(T).

Proof. It follows from (z*,y*) € C(T) and N € T that y; = y* for
all i € N and (3 ey #7,y") € Y + {2 ,cywi}. Since Y is additive, for
each i € N we can choose a pair (z;,y;) satisfying (z;,y;) € Y + {w;} and

(ZieNmiv ZieN yi) = (ZiEN I:,y*)
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We define a strategy s(a*,y*) in the following way. For all 4,5 € N,
h=1,...mand k=1,...,1,

th = Lx‘fh and ¥ ;= yF. (1)
AED DS ' '
Then, for alli € N and h =1,...,m
St =t
JEN
Hence, (t;,7;) € S; for all i € N. Moreover, for all j € N, h =1,...,m and
k=1,..1
Zt?j = x;h and er =y,
ieN iEN
We can conclude a(s(z*,y*))(i) = O ey tiis 2 jen Ti) € Xi-
Suppose s(z*,y*) ¢ SE(T). That is,
IS € T,3sg € H S; 1 Vi€ S, ui(sg,s(z™,y")—s) > vi(s(z™,y")).
€S
By the definition of v;,

Vie S, ui(a(sg, s(x™,y")—s)(1)) > ui(a(s(z*,y")) (1)) = wi(z], y*).

This contradicts the assumption that (z*,y*) € C(7). |

Proposition 3.1 shows that the strategy combination generated by the
core allocation is in the strong equilibria.

PROPOSITION 3.2. Suppose u; is monotone increasing in y € RL for all
i€ N. If s* € SE(T), then a(s*) € C(7).

Proof.

Suppose a(s*) = ((ZjeN t;flv ZjeN T;f)a ) (ZjeN t;na ZjeN T}k)) ¢ C(7).
That is,

3S € T, 3(ws,ys) € Xs : Vi € S,ui(ws (i), ys (i) > us (D 5, > 1),
jeN jeN

where ys(i) = ys for all ¢ € S. Noting that (zg,ys) € Xg and Y is
additive, we can choose a pair (%;,7;) € Y + {w;} for all i € S satisfying



6 UTSUMI AND NAKAYAMA

YoicsTi = D egws(i) and Y, o7 = ys. We define a strategy (¢,r) €
[I;cs Si using the allocation a(s*) and (zs,ys). For alli € S, j € N,
h=1,..,mand k =1,...,[, define:

5h

! ZjeS ZL‘g(g) s kE;\S +

where 2% (j) = ZzeNt;lh forall j € N\ S. Foralli € N\S, je€N,

h=1,....,mand k=1,...,(, let rf = r;‘k’ and t?j = tfjh.
Then, for all i € S and forall h=1,....m

PBLES sl DILCORID I VRS DD DL

X
JEN >jes ws(i jes JEN\S iEN\S jEN
:Z =y | T+ > > 6= > D b
jes 7s(j jes JEN\SieN iEN\S jEN
=h

=x;

Hence, we can obtain s; = (t;,1;) € S; for all i € S. Furthermore, for all

JEN,
Zt?j_‘_ Z t;‘yh:

i€S iEN\S

By the definition of v;, for each i € .S

vi(sg, 8" ) = uia(sg, s g)(i))
OSTRID SRS 3

jes JEN\S JEN
(Yt X e mi+ Y 1)

jes JEN\S  jes JEN\S

(definition of rj)
=u; (xg(z) ys + Z rj) (definition of g;)
JEN\S

> ui(xs(i), ys) (ys = ys (i) and monotonicity)
>ui(Y 6. >07) (als") ¢ C(D)
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This is a contradiction to the assumption that s* € SE(T). |

Proposition 3.2 shows that the allocation generated by the strong equi-
librium strategy is in the core. When T = {{1},...,{n}}, just as in KPR
this assertion implies that a Nash equilibrium generates an individually
rational allocation.

We summarize the results obtained so far in the following corollary.

COROLLARY 3.1. Suppose u; is monotone increasing in y € RL for all
i. If s* € SE(2N) then a(s*) € C(2N). Conversely, if (z*,y*) € C(2N)
then the strategy generated by (z*,y*) is a strong equilibrium.

A production economy (without public goods) and a pure exchange econ-
omy are described as special cases of the public goods economy. A pro-
duction economy is characterized by (N, X;, u;,w;,Y’), where X; C R is
©’s consumption set of private goods, u; : X; — R is ¢’s utility function,
w; € X; is 4’s initial endowment of goods, and Y € R™ is the production
possibility set of private goods. The strategic game corresponding to the
production economy is given by (N, S, v;), where

g {ti c R”X’"' LVYh=1,.,m,>cnth = af }
v 2.2, €Y +{w;}

Note that the variable r; is eliminated, since public goods are not produced
in this economy.

A pure exchange economy is obtained as the special case of the pro-
duction economy where Y = (). Tt is represented by (N, X, u;,w;). The
strategic game corresponding to this pure exchange economy is given by
(N, S, v;), where

S/ =<t; eR"™|Vh=1,....,m, Z tfj =wh
JEN

This is obtained from S} by setting Y = 0.
In these cases, we can show the similar results without assuming the
monotonicity of u; as follows.

COROLLARY 3.2. In the production economy (N, X;, u;,w;,Y) without
public goods, we have that
(1) If N € T and 2* € C(7), then the strategy combination s(z*),
which is generated by x*, belongs to SE(T).
(2) If s* € SE(T), then a(s) € C(7).
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Proof. The proof is similar to proposition 3.1 and 3.2. Note that we do

not need to define r;. |

COROLLARY 3.3. In the pure exchange economy (N, X;, u;,w;), we have
that

(1) If N € T and z* € C(7T), then the strategy combination s(x*),
which is generated by x*, belongs to SE(T).

(2) If s* € SE(T), then a(s) € C(7).

Proof. Essentially the same as the proof of proposition 3.1 and 3.2. The
h

Wi
difference is that equation (1) becomes t?j = 7th;h and equation
. 2jen Y]
h . _ Wi h xh
(2) becomes t;; := ﬁ(xj - Z thi)- 1
Jjes i kEN\S

The existence of a strong equilibrium implies the existence of a 3-core,
a related core concept of a strategic game with coalitions. A payoff vector
is said to be in the -core if there does not exist a coalition such that for
any strategies of the complementary coalition there are strategies of the
coalition that makes each member better off. Thus, any payoff vector at
a strong equilibrium is in the (-core, because no coalition can make its
members better off given the equilibrium strategies of the complementary
coalition. This fact further implies that the a-core is also nonempty, since
the (-core is a subset of the a-core, which is defined to be the set of
payoff vectors such that no coalition can make each of its members better
off independently of the strategies of the complementary coalition. This
observation is summarized as follows.

COROLLARY 3.4. Denote simply by core the set of payoff vectors corre-
sponding to C(2V).
(1) In the public goods economy, assume that u; is monotone increas-
mginy € Rl_,_ for all i € N. Then, core C 3-core C a-core.
(2) In the production economy without public goods or the pure ex-
change economy, it follows that core C (3-core C a-core.

4. CONCLUDING REMARKS

We have shown that under usual economic assumptions, the core and
the strong equilibria are in fact equivalent each other in typical economic
situations such as pure exchange, production and public goods economies.
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The key to this result is the strategy allowing negative transfers of goods.
If transfers are restricted to be nonnegative, as in the pure exchange game
mentioned in Scarf (1971), some allocations will not be attained by the
choice of strategies in a coalition given the strategies of the complementary
coalition, which may impede the equivalence between the core and the
strong equilibria.

In such a game with nonnegative transfers, however, the a (or 3)—core
might be a more appropriate solution concept, since for each coalition S
there is a unique worst state that the complementary coalition contributes
nothing to the consumption in S. Then, if transfers are restricted to be
nonnegative, the a-core coincides with the -core in each of the economies
considered in this paper (see also Mas-Colell (1987) or Nakayama (1998)).

Another point to remark is the binding agreement that may be needed for
a coalition to make a deviation from a non-equilibrium state in the game.
However, this is not so restrictive as it may seem. We may argue, in the
spirit of coalition-proof Nash equilibrium, that only ’credible’ deviations
are important. Let us say, by recursion, that a coalition C has a credible
deviation at strategy combination s if and only if C has a deviation at
s such that after the deviation no proper subcoalition of C' has a credible
deviation. The coalition-proof Nash equilibrium is one at which no coalition
has a credible deviation. Thus, non-credible deviations are ones admitting
further subcoalitional deviations that are credible. In this sense, a coalition
may refrain from carrying out a non-credible deviations in the absence of
binding agreements.
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