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Abstract

We propose, in this paper, a new valuation method for a contingent
claim, which approximates to the exponential utility indifference valua-
tion. In particular, we treat both ask and bid valuations. In the definition
of the exponential utility indifference valuation, we require a strong con-
dition related to the underlying contingent claim. The new valuation in
this paper succeeds in reducing this condition by using a kind of power
functions instead of the exponential function. Furthermore, we shall in-
vestigate some basic properties and an asymptotic behavior of our new
valuation.

Keywords: Incomplete markets, Indifference value, p-optimal martingale mea-
sure, Reverse Holder inequality.

1 Introduction

Our aim of this paper is to obtain an approximate approach to the exponen-
tial utility indifference valuation (EUIV, for short) by using a kind of power
functions.

In mathematical finance, the problem of valuation for a contingent claim
in an incomplete market is very important. Recently, many researchers have
studied the utility indifference valuation method, of which the definition is given
by as follows: We start with an incomplete market with the maturity 7" > 0,
whose asset fluctuation is described by a semimartingale X. Moreover, we
consider an investor having initial capital x; at time ¢, and who intends to sell
a contingent claim B. Let U be his/her utility function. In other words, U is
an R-valued continuous increasing concave function defined on R. We define
an adapted process Cy(B) by

esssupyeo B [U (20 + Goir(0))|F)
= esssupyce F[U(xy + C(B) + G, (¥) — B)|F], (1.1)



T
where Gy r(0) == / ¥sdXs and O a suitable set of predictable processes, rep-

resents the set of ali5 self-financing strategies. Then, we call C;(B) the utility
indifference valuation, which is one of candidates for the asking price of the
contingent claim B. In addition, the valuation C¢(B) strongly depends on the
preference of the investor who intends to sell B. The left hand side of (1.1) is the
expected utility maximization problem when he/she does not sell the contingent
claim B. On the other hand, the right hand side is the case where he/she sells B
for the price C¢(B) at time ¢t and agrees to pay B at the maturity T. In partic-
ular, there has been much literature on the exponential utility case, that is, the
case where U is given by U(z) = —e~** for o > 0. See Becherer (2004), Frit-
telli (2000), Rouge and El Karoui (2000), Musiela and Zariphopoulou (2004a,
2004b), Young (2004), and so on. Besides, Mania and Schweizer (2005) (MS,
for short) have provided the dynamics for the case where the asset price pro-
cess is given by a continuous semimartingale. Remark that we call C(B) the
exponential utility indifference valuation (EUIV), if U is the exponential utility
function.

On the other hand, when we define the EUIV, we need to assume the fol-
lowing strong condition with respect to the underlying contingent claim:

E [e"P] < oo. (1.2)

For example, in the case where B is a European call option and X is given by
a geometric Brownian motion, (1.2) does not hold, because, roughly speaking,
the distribution of B is near to one of e¥, where Y is a normal random vari-
able. Hence, models satisfying the condition (1.2) do not include some typical
important ones as the above example. At this, we try to reduce the condition
(1.2) to, for a sufficient large n € N,

E[B"] < 0, (1.3)

equivalently E[e™Y] < co. Now, we recall the definition of “e” as follows:

n
e’ = lim (1—|—£) ,
n

n—00

. M
then, for any sufficient large n, we can say that (1 + —) is near to e*. If we
n

denote, for a sufficient large number n,

U(x)z—(l—l—%) ! or — (1—%)n,

n n

then we can approximate the EUIV under the condition (1.3). Remark that this
function U is not a utility function exactly, since not concave. Although, for z <
n/a, U is concave, so that we can say that U is almost concave. Instead of the
exponential utility, if we adopt the function U as the underlying utility function,
then we may obtain an approximate approach to the EUIV. On the other hand,
it is difficult for us to treat U directly. Therefore, we try to decompose the



value z; + Cy(B) + Gi,r(¥) — B into the Fi-measurable part x; + Cy(B), the
gain process part Gy () and the contingent claim part B. Thus, instead of U,
we consider, for &« > 0 and n € N,

(o % AL ay\ntl az\"m
Uan(z,y,2) = — (1 + —) (1 - _y) (1 + —) .
n n n

—-n
Note that, if n is sufficient large, then Uy ,,(, y, 2) is very near to — (1 + g(w +y— z))
n
n
or — (1 — g(w +y— z)) . On the other hand, if we denote
n

Un,exp(,Y, 2) = —exp(—a(z +y — 2)),
then the EUIV, denoted by C;"“*P(B), satisfies the following:

esssupyee E [Un,exp(@t, Gi,r(09), 0)| F
= esssupﬁee E [U(y,exp(-rt + sz,exp(B), Gt,T (?9), B)|.7:t] .

Remark that C;"“*P(B) does not depend on the initial capital z;. Thus, by
the same way as the EUIV, we define an adapted process C;""(B) as a process
satisfying

esssupyee E [Ua,n(xt, G (0), 0)|F]
= esssupyce E [Uan(ze + C;"(B), Ge,r(9), B)|F) -

This process C;"" (B) may be a strong candidate of approximations to the EUIV.
Hence, we shall investigate some properties of Cy""(B) in this paper. Remark
that C;""(B) depends on z;. Henceforth, we fix z; = 0.

The structure of this paper is as follows: In Section 2, we state the standing
assumptions and the exact definition of our new valuation C;""(B). In particu-
lar, we need the closedness of the set of all self-financing strategies in the £"+!

1
sense. This closedness is close related to the 14+ —-optimal martingale measure.
n

Thus, some standing assumptions are concerned in it. Moreover, remark that it
is close related to the projection of “1” onto a suitable space of the stochastic
integrations. In addition, we introduce, in Section 3, an example satisfying the
all standing assumptions.

In order to make sure that our new valuation is useful as an approximate
approach to the EUIV, we investigate its basic properties and the asymptotic
behavior as n tends to 0. In Section 4, we prove that our new valuation has
same basic properties as the EUIV approximately. In particular, we show that
there exists a duality relationship between a portfolio optimization problem
related to our new valuation and an optimization problem among equivalent

martingale measures, which is related to the 14+ —-optimal martingale measure.

n
Furthermore, we assert in Section 5 that Cy""(B) converges to the EUIV as
n tends to co in probability. To see this, it is worth while to notice that the
p-optimal martingale measure converges to the minimal martingale measure as



p tends to 1, which has been proved by Grandits and Rheinléander (2002) (GR,
for short).

On the other hand, we can say that the definition of the utility indifference
valuation is an ask-pricing method, which is one from a seller’s view. Thus, in
Section 6, we extend our new valuation to one from a buyer’s view. That is, we
treat a bid-pricing method. In addition, we introduce a duality relation as in
Section 4, and investigate some basic properties of the valuation from a buyer’s
view.

2 Preliminaries

In this section, we introduce the three standing assumptions and some notations.
Moreover, we formulate the exact definition of our new valuation C;""(B) under
the standing assumptions. In other words, we give the definition of the set of
all self-financing strategies.

Throughout this paper, we consider an incomplete financial market com-
posed of one riskless asset whose price is “1” at all time, and d risky assets
described by an R%valued continuous semimartingale X. Suppose that the
maturity is 7> 0. Let (, F, P;F = {Fi}1c[0,1)) be a completed filtered prob-
ability space with a right-continuous filtration F such that Fy is trivial and
contains all null sets of F, and Fr = F. Furthermore, in this paper, we treat
a suitable set of R%valued predictable X-integrable processes ¥ as the set of
all self-financing strategies, denoted by ©. Let B be an Fpr-measurable ran-
dom variable. Throughout this paper, we regard B as a contingent claim, that
is, a pay-off at the maturity T. We fix a positive real number « and a large
odd number n. To simplify notations, we restrict n within odd numbers. For
all unexplained notations, we refer to Dellacherie and Meyer (1982) and GR.
Throughout this paper, C' denotes a constant in (0,00) which may vary from
line to line.

Firstly, we give one of the standing assumptions related to the underlying
contingent claim B.

Assumption 2.1 We assume that B > 0 and B € L™(P).

In the definition of the EUIV, we do not assume the positivity of B. However,
. a N7t . : P
since the term (1 + —B) appears in the sequel, we restrict B to positive in

n
this paper.
Next, we prepare some notations in order to introduce the other standing
assumptions. Let P° be a probability measure which is equivalent to P, and
p> 1

Definition 2.2 (1) Let S < T be a stopping time. We denote by *V(P°) the
linear subspace of £>(PY) spanned by the simple stochastic integrals of the
form h*" (X1, — X7,), where S < T < Ty < T are stopping times such that the
stopped process X2 is bounded, and h is a bounded R%valued Fr,-measurable



random variable. Set V(P°) = %V(P?).
(2) A signed martingale measure under P is a signed measure @ < P° with

EPO [ﬂ] =1 and EPO [%f] =0 for all f S V(PQ)

dpo
(3) M?*(P%) is the space of all signed martingale measures under P°, and
Me(PY) is the subset of M?*(P?) consisting of probability measures being equiv-
alent to P°. Moreover, we set M2(PY) := M*(P%) N LP(P?) for = € {e, s}.
(4) The p-optimal martingale measure with respect to P? is defined as the ele-
ment of M3 (P?) which minimizes £7(P°)-norm.
(5) Let Y be a uniformly integrable P°-martingale with Yo = 1 and Y7 > 0. We
say that Y satisfies the reverse Holder inequality R, (PP), if there is a constant
C such that for every stopping time S < T, we have

Y p
Epo [(Y_D ‘]—"5] <cC.

1
The 1 + —-optimal martingale measure will play an important role, so that the

n
following assumption is essential.

1
Assumption 2.3 We assume that the 1 + —-optimal martingale measure Q)
n
exists in MY 41 (P), and its density process Z(™) satisfies the reverse Holder
inequality RH_; (P).

Since X is a continuous semimartingale, it is special under P, and its canonical
decomposition is given by X = Xg + M + A with M a local martingale, A a
predictable process, and My = Ay = 0. Moreover, if P° is equivalent to P,
then X is also a special semimartingale under P°. Let us denote its canonical
decomposition under PP as follows:

X = Xo+ MY+ A°.

Definition 2.4 (1) We denote by °/C,(P°) the closure in £P(P°) of SV(PP) for
a stopping time S < 7. In particular, let K,(P°) := °KC,(P?).
(2) Let LP(M?) be the space of all R%-valued predictable processes ¥ such that

(/W%MWW)ZT<&n

(3) Let LP(A°) be the space of all R?-valued predictable processes ¥ such that

p
HﬂHLp(AO) = Ellj/op [(/ |19trdAO|> ] < 0.
T

(4) A positive process Y satisfies R rogr (P°) if there exists a constant C' > 0
such that

19| Lo ar0y := EHP

<C,

e e
Epo |-L1 +—‘
‘ e [YS % Vs fs]

sup ‘
S (o]



where the supremum is taken over all stopping times S < T.

We define
@n-‘,—l(PO) = Ln-‘,—l(AO) N Ln-‘,—l(MO)

T
Gir(©) == {/ 0,dX,|0 € @} :
t

for a suitable set © of R%-valued X-integrable predictable processes. In particu-
lar, we denote Gr(0) := Go,r(©). Remark that we can rearrange the definition
of @1 (PY) as

and

O™ (PY) = {J|G(9) € S™L(PY)).

By Theorem 4.1 of Grandits and Krawczyk (1998), Gr(O"T(P)) is L T1(P)-
closed under Assumption 2.3. Proposition 4.7 of GR yields that there exists
the minimal entropy martingale measure the density process of which satisfies
RiLrogr (P). In addition, Lemma 2.1 of GR implies

o (O™ (P)) = "Koaa(P).

Moreover, since n is odd, Propositions 4.2 and 4.4 of GR imply, by passing to a
version if necessary,

tem)\ "
2 20— (142

where

aQ™
dP

zZM = E [

]:t:|a

C’é") is an F-measurable positive random variable, and * f(T") € tpi1(P). In
particular, —tf(T")/n is the projection of “1” onto ‘&C,,41(P) in L"T1(P).
Thirdly, we define a probability measure P™ as

dpmB
dP

= Cn7B (1 —+ gB)n
n Y
where C™8 € R. Furthermore, we denote

Zn,B a n dPn,B
B._ 47 _ ~mB B _
znp = e e (1+2B) and 277 = E[ — ‘]—‘t] ,

where C}' P is an Fi-measurable positive random variable. Remark that X is
also a semimartingale under P™5.



1
Assumption 2.5 We assume that the 1+ —-optimal martingale measure Q)-8
n
with respect to P™? exists in M%_L (P™B), and its density process Z(™-B with
respect to P™5 satisfies Ry, 1 (P™%), where

do™):B
2B = Epus [ @ ‘ t] .

dpn P

We have (B ™
t p(n),
Z0 P = 2P 7P = ofP (1 +L— ) :

where C't(")’B is an Fy-measurable positive random variable, and * f(T")’B €
Ky 1 (P™B). In particular, — (T")’B/n is the projection of “1” onto */C,, 1 (P™?)
in £nHL(PB),

In order to define the process C;"" (B) exactly, we have to determine the set
of all self-financing strategies. Note that we have, for an R?valued predictable
process 1,

£ [(1- Zenn0) ™ 1+ 25

ft] = #EPW»B [(1 - %Gt,T(ﬁ))nH ‘ft] :

Moreover, by the same sort of argument as the above, Gr (0" (P™B)) is

L+ (P™B)-closed under Assumption 2.5. Thus, there exists a solution to the
following minimization problem:

£|(1-56a0)"" (14 28)" 7).

max
Ye@n+1(pn.B)

Hence, ©"*+1(P™5) should be the set of all self-financing strategies. Now, we
define

ot (pnB) .= {ﬁ‘G(ﬁ) is a Q(")-B_martingale and Gr(d) € £"+1(P"7B)} .
In addition, we need one more preparation.

Definition 2.6 A P%-martingale Y is in bmo, (P?) if there exists a constant C
such that, for any ¢ € [0, 7],

Epo[([Y]r — [Y])?|F] < C.
Then, we have the following relationship under Assumptions 2.1, 2.3 and 2.5:

Lemma 2.7 We have O™+ (PmB) = @nt+1(pnB),



Proof. Firstly, we prove that, for any ¢ € ©"*1(P™5) G(¥) is a local
Q™-B_martingale. Let the canonical decomposition of X under P™% be given
by

X =X0+Mn’B+An’B.

By Lemma 4.6 of Grandits and Krawczyk (1998) , the density process Z(™"-B of
Q"B with respect to P™% is denoted by

zn),B _ g(N(n),B),
where N8 is a P™B-martingale and in bmo, 1 (P™#). On the other hand,

since G(¥) € S"TH(P™B), [/19dM"’B] is in £(*+1/2(P™B) Thus, we have

v

Ln+1(pn.B)

Epn.s H [/ 9dM™E, N(")’B]

< [/ ﬂdM"’B]
T
<

o0,

T

CH—%(PW,,B)

that is, [/ﬁdM"’B, N(")’B] is P™B.integrable. Since the product Z("BX is

a local P™B-martingale, we obtain A™5 = —(N(")’B, M™B). Thus, we have,
for any ¥ € @ *+1(P™B),

/ﬂtrdAn’B _ —/ﬂtrd<N(n)’B,Mn’B>.

As a result, by Corollary 3.16 of Choulli, Krawczyk and Stricker (1998), G(«¥)
is a local Q(")-B-martingale.

In addition, by Theorem V.2 of Protter (1990), there exists a C' > 0 such
that

G (9) sup Gy(0)

S C|‘G(’l9)“5n,+1(pn,B) < 0Q.
0<t<T

1
CH—; (Pn,B)

||£1+%(Pn,B) S

Since G(¥) is a local Q™) B-martingale, G(¥9) is a QU)-B-martingale. Thus, we
obtain “C 7. B

Suppose that ¥ € @™ (P™5). By Theorem 4.12 of Choulli, Krawczyk and
Stricker (1999), there exists a constant C' > 0 such that

||G(’l9)”sn+1(Pn,B) < C|‘GT(’(9)||£W,+1(pn,B) < Q.
Hence, ¥ € "1 (P™8B) from which “ 2 ” holds. O
By Lemma 2.7, we can consider that (:)"+1(P"’B) is appropriate as the set of
all self-financing strategies. Now, we denote

@(;) = @n+1(Pn,B) — (:)n+1(Pn’B).



Again, we define the process C;""(B) as follows:

OSSSUP, 5 0 E [U(y,n(o, Gi,1(9), 0)‘]:1:}

= oD e B [Uan (G (B), G (9), B)| 7]

-n n+1 n
where U, ,, is given by Uy (2,9, 2) = — (1 + %) (1 — %) (1 + %) )
n n n
On the other hand, as for the exponential utility case, we define

0P .= {19 € L(X)‘G(ﬁ) is a @-martingale for all Q € M¢ (P)} ,

ent

and

nt(P) = {Q € M“(P)|H(QIP) < oo}

Z—glog Z_?’]’ if @ <« P, = oo, otherwise. Then, the
exponential utility indifference valuation (EUIV) C;"“*P(B) is defined as an

F-adapted process satisfying

where H(Q|P) = E[

€eSSSUPyegexp E |:U(y,exp(07 Gy, r(9), 0)‘]:1:}

= esssuUpycgexr B [Ua,exp(Cf’eXp(B),Gt,T(ﬁ), B)‘]:t} ,

where Uy exp (2, Y, 2) = —exp(—a(z +y — 2)).

3 Examples

In this section, we introduce an example satisfying Assumptions 2.1, 2.3 and 2.5.
Although Assumptions 2.1 and 2.3 are natural comparatively, Assumption 2.5 is
artifical one. Then, we have to reveal that models satisfying these assumptions
include some important and typical cases.

To be simplicity, we consider only the case where d = 1. Let W :=
(WY, W2, ...,W!" be an I-dimensional Brownian motion, where [ > 2. Suppose
that the filtration F is the P-augmentation of the filtration generated by W,
and there exists a predictable process A such that the canonical decomposition
of X is given by

t
Xy = Xo+ M, + A :X0+Mt+/ Asd(M),. (3.1)
0

In other words, we assume what is called the structure condition (SC) for the
process X. Moreover, we denote

t
K, = / A2d(M),,
0



which is called the mean-variance trade-off process. Then, we assume that K
is bounded. Furthermore, in view of the martingale representation theorem, we
can represent M as

l t
M= / iAW,
i=1 70

for some R!-valued predictable process o. Thus, X is represented as

l + l t
X; = Xo + Z/o oldWi + Z/o As(0?)?ds.
i=1 i=1

Now, we assume that X is in £"(P) and e¥ is not integrable. For example,
the case where oy = Xyn; and \; = (;/X; for some R! and R-valued bounded
predictable processes n and (, respectively. In addition, we assume that each
|n| and |¢| are positive far away from 0.

Next, suppose that the underlying contingent claim B satisfies Assumption
2.1. For example, the European call option (X7 — K)*, where K is its strike
price. Since B € L™(P), we have, by Corollary 4 of Theorem IV.42 of Protter

(1990),
n a N\ : o i
(1+ 5B) =B[(1+ 5B) | &r (;Zl/o Vdes> :

T
where % is a predictable process such that / (l{i)Q ds < co. Let P be the

minimal martingale measure (see Follmer and Schweizer (1991)), so that its
density process Z is given by

R . t 1 t
7y =& (—/ )\des> = exp (—/ Asd M, — —/ A§d<M>s>.
0 0 2 0

Remark that P is in M¢, 1 (P), so that Assumption 2.3 is satisfied by The-

orem 4.1 of Grandits and Krawczyk (1998). As for Z, we have the following
representation:

l t l t
> i i1 i\2
7 = exp (— E /0 AsOdW ] — 3 E /0 (Asol) ds) .
i=1 i=1

Hence, if we denote
dP

Z\tan = EP”’B W‘ft

?

then there exists a constant C' > 0 such that

Z\n.B 1+%
i [(22)
Zt

Fi

10



Fi

o\ 141 -z
7y +5 Z;LJB n
E = n,B
Zy Zy"
i . 1 l ° . .
£ <_ / )\des> Er (Z / V.ZdWs’) ft]
0 i=170
T 1 1 (T 1
exp —/ (1+—> Ades——/ (1+—> ASd(M),
. n 2 J; n

1 ! T 1 : T 2
X exp (——Z/ VﬁdWi—l——Z/ (1/2) ds) .7:,5]
nim e n i=171t
l . ;
nt+ly v i
& (-;/O ( o Asog + n>dW9>

l T ; i\ 2
1 )\9 7 7
i=171

S C’

where & 1 := Ep /&, that is, P satisfies RH_%(P"’B). Hence, we can conclude
that Assumption 2.5 is satisfied. '

In summary, the models of which the asset price is expressed by (3.1) satisfy
the all standing assumptions under the following conditions:
(1) X isin L™(P),
(2) the underlying filtration F is given by the P-augmentation of the Brownian
motion,
(3) the mean-variance trade-off process is uniformly bounded.

E

E

= F

4 Duality and some properties

We focus on some basic properties of our new valuation C;""(B) in this section.
In particular, we are interested whether or not C;""(B) satisfies the same basic
properties as the EUIV. To see this, we need some preparations.

For an F;-measurable random variable x;, we define

Vf’n’B(xt) = €sSSup, g0 E[Uqn(xt, Gt r(9), B)| Fl.
Then, we can rewrite the definition of C}""(B) as
V(o) = Ve (con(B).
We have

V;oz,n,B(O) B ‘/;O(’n’B(O) - (1 N gC(O(,n(B))n
a,n Ty am a,n - t )
veroo) B (e(B)) n

11



namely,

Q

an n verBoy\ "
Ct7 (B):— t(y,mo( ) -1
Vi(0)

Remark that, by Proposition 4.4 of GR and Assumption 2.3, we have

ver) = essSup g 2 [Uan (0, Gy (9),0)|F]

o n+1
= essSUPycgnti(p) & [— (1 - 5Gt,T(79)) ‘ft]

¢ p(n)\ "
n

Recall Q™ ¢ M7, 1 (P), so that, ¢ (T") > —n holds. Hence, V,*™°(0) < 0. For
any Q € M%_%(P"?B), we denote

Fi

z9 dQ
z8, =21 72 = E|-2|F|.
t, T ZtQa and ¢ [dp‘ft]

Moreover, we define

3=

1ro,n,B
Vi

. Q 3 [0 -1
= eSSlaneMi+L(Pw,,B) Eq [(Zt7T) (1 + 5B) ‘]—‘t] i

Remark that we have

1
n

]—‘t] = (Cé"))% .

In order to investigate basic properties, we need to show a duality relation-
ship between a portfolio optimization problem and an optimization problem
with respect to equivalent martingale measures.

17,0 ;
yom0 = eSSlaneMLL(P) Eq [(Z:?T)

Theorem 4.1 We have the following duality relationship:

o n+1 o n
eSSSUP 5 () E [— (1 — 5Gt,T(19)) (1 + 5B)

;

. * a ! "
= — {eSSlaneM;_L(pn,B) EQ [(ZE?T) (1 + 53) ‘]:t:| }(41)
Proof. Firstly, we calculate the left hand side of (4.1) as follows:

1 . « n+1
LHS of (4.1) = _W essmfﬂeeg,) Epn.s [(1 - 5Gt,T(19)) ‘ft]

12



1 ¢ (). B\ "1
= EPn,B (1 =+ T—) ‘]:t

_C't"’B n
1 1 t j(—vn)’B
Ctn,B Ct(n),B Q n t
1 1

TopE o E
The second equality owes to Proposition 4.4 of GR. On the other hand, we have

RHS of (4.1)

gl

43 o o

— {essianeMLL(pn,B) E [(ngn,BZQEFB) n (Z,ZL[B) - (CZ%B)

gl

. Q,n,B 1+%
esslaneMi:+L(Pn,,B)EPn,B (th» )

-
1 (n).B\ -
B\ ™
— o {Bawmo | (2527) 7|7 }
t
1 1

_Ctn,B Ct(n),B’

where
7@nB dQ
Qn,B ,_ 2T Qn,B ,_
Zt,T = Zth"»B and Zt = EPn,B [W‘ft] .
This completes the proof of Theorem 4.1. O

Theorem 4.1 provides the following representation of C;""(B):

Corollary 4.2 By the result of Theorem 4.1, we obtain

Ve E() =~y

‘7(y,n70

t

‘7(y,n,B -1l
t

Next, we study basic properties of Cy""(B) by using the above duality re-
lation. First of all, we introduce the basic properties of the EUIV, which have
been proved in MS.

and

Co(B) =

Q13

Proposition 4.3 (Proposition 4 of MS) We assume that B and B' are bounded
(not necessarily positive). For fized t € [0,T] and o > 0, C;"**P(B) has the fol-
lowing properties:

13



(1) =||Bllos < C{**(B) < || Bl|os,
(2) if B< B, then C;""*(B) < C;""P(B’),
(3) C""(AB+ (1= \)B') < X\CY"™(B) + (1 = X\)C"™(B'), for any X € [0, 1],

(4) C;"" (B + x¢) = C{""(B) + x4, for any xy € L2(F).

MS called C;"“*P(B) a convex monetary utility functional. Furthermore, they
remarked that C;"“*P(—B) is close related to a convex monetary risk measure
(see Cheridito, Delbaen and Kupper (2004)).

In order to see that our new valuation C;""(B) is available as one of ap-
proximate approaches to the EUIV, we wish to prove that C}""(B) satisfies
Proposition 4.3. Henceforth, we shall prove that this fact holds approximately.
Firstly, we obtain the following result being related to (1) and (2) of Proposition
4.3.

Proposition 4.4 For anyt € [0,T], we have the following:
(1) for B € LE(P), 0 < C;""(B) < || B|oc,
(2) under Assumptions 2.1 and 2.5 for B', B < B’ = C}""(B) < C}{""(B').

Proof. (1)
5 E 1 o 9 n+1 1 ap n
‘/;O(’n’ (0) _ esssupﬂeggw |:_( —n t,T( )) ( +E ) ]:t}
Vem0(0) eSSSUP o) E [— (1- %Gt,T(ﬁ))nJrl ]:t}

IN

o n
(1+21Bll) "
n
By the same way, B > 0 implies
VB (0)/Viem0(0) > 1.,

Hence, we have 0 < C}""(B) < ||B||oo-
(2) Firstly, we obtain @(B",) C @g), since

veol) = Grw) ec (PP E [G;ﬁ“(ﬁ) (1 + %B’)n} < o0
= Blept) (1+ 93)"} <00 = Gr(Y) € L (PP) = 9 e o,
n

Remark that the last inclusion is derived from Theorem 4.12 of of Choulli,
Krawczyk and Stricker (1999). Thus, we have

V;O(’n’B(O) eSSSUpﬂEQg,) E [— (1 — %Gt7T(19))n+1 (1 + %B)n .7:,5}
V;a,n,o(o) CSSSUD ¢ (v E [— ( — %Gt,T(ﬁ))nH .7-}}
essinf%@%m E [(1 — %Gt,T(ﬁ))nH (1+ %B’)n ‘ft}

n+1

essinfﬂeg(()m E [(1 — %Gt,T(ﬁ)) ‘ft}
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essinf

seelm) E [(1 - %Gt,T(ﬁ))nH (1+2B)"

)

essmfﬂeg(()n) E [( — %Gt,T(ﬁ))"H

V(X,TL,B'(O)
(y n, 0(0)

This completes the proof of (2) of Proposition 4.4. O
Second, we deal with (3) of Proposition 4.3. We define
—a,n,B .
Vit = esinfgen: |, (onm o [(z ) (1-28) ‘]—‘t] .
Set B:= B/ (1+ 2B) < B. Since we have

_ —1
1—93=(1+93) ,
n n

we obtain —
V;oz,n,B V;’M'MB > V:M%B
Now, we denote
_ n Voz,n,O
CY"(B) == — —15.
—a,n,B
Vi

We prove, on account, that 6’? "(B) satisfies (3) of Proposition 4.3.

Proposition 4.5 For fired t € [0,T], any X € [0,1] and B, B" € LS(P) such
that || Blloos ||B']lcc < n/a, we have

CPM(BYAB + (1= \B') < AC"(B) + (1 - NCP(B)).

Proof. Remark that, for B € LT (P), ./\/l%_L(P"?B) = M{, 1 (P) holds. We
have only to prove that ! !

— — N\ T —1 . ’
(Voz,n,)\B—i-(l \)B ) )\ (V? M, B) + (1 _ )\) (Voz,n,B )
By the convexity of 1/x, we have

(Voz,n,)\B—i-(l—)\)B') -

= {essianeML%(P) Eo [(zg )% (A (1 — —B) +(1-X) (1 — %B’)) ‘ft] }—1

< Lty (1—A)V§””’B'}_l

-1

A 1-X
< V:an V?nB

15



Thus, Proposition 4.5 follows. o

Now, in order to see that C}""(B) satisfies (3) of Proposition 4.3 approximately,
(B

Proposition 4.6 For any sufficient large n, there exists a C > 0 depending on

we prove that, for any sufficient large n, C{"(B) is very near to C®"(B).

|IBl|loc such that

sup |C*™(B) — CM™(B)| < c2.
0<t<T n
Proof. Remark that we have
_ Voz,n,O ‘7(y,n,B VO( n,B
Ci™(B) = C"(B) = — g =t (4.2)
o Vt V;
Firstly, we have the following estimation:
‘7(y,n70 ‘70(7'“70
t t
Voz ,n,B = 0 %
t essjanEMi+L(P) EQ |:(Zt,T) (1 — gB) ‘]:t:|
on,0
< ‘/'t(l’ n
< I
(1= 2Blloc) essinfoer: , (p) Eoq [(ZE?T) ‘ft]
o -
< (1-%1Blx) (4.3)
Remark that, for any sufficient large n, 1 — 2| Bl|oc > 0 holds. Moreover, we
have
‘70(,”73 Voz n,B
t t ) ) )
. Q n « -
= eSSlanEM;_L(P) EQ (Zt,T (1 + 53) ‘]:t:|
W L N i -
—essinfoerte () Fo (ZtQT) g (1 _ —B) ‘]—‘t
1+ L ’ n ]

_ N .
 ctacne_ o [(45)! (1= (2" (1 25) )|
= eSSIDfQEMl‘+%(P) EQ _(Zt,T) (1 nB + nB 1 + TLB .7:,5

_ A -
_essmeeMe L(P) Eq (ZgT) " (1 — gB) ‘.7:,5
L ) 2 “1\
< (2 (_% (25)" (1+28) ) |7 ]
n n
SNt o
5 | (%) (15 )\ft]
n
—~ a 1
< (—HBHOO [( z2)" (1+2B) ‘]—"t] , (4.4)



where @ is given by

essinfoent , (P) o [(ZE?T)% (1 — %B) ‘ft] = Eg [(ZST) " (1 - %B) ‘]:t] :

On the other hand, we have

~ ) i a N\ -1
‘/;O(’mB — esSlDerML_L(p) EQ [(Z:?T) (1 =+ 53) ‘]:t:|
. * a
> eSSlaneML_L(p) EQ [(Z:?T) (1 — 53) ‘]:t:|
~ L’ a
= Ep [(Zt‘?T) g (1 - 53) ‘]—‘t] . (4.5)

By (4.4) and (4.5),

—~ 1
gonn_gens (3181)'Eg | (22)" (14 58) ' |7
tVT,Bt < 1

; Ep [(Zt,T) (1—2B) ‘]—"t]

(2]1Bl|)?

1= 2Bl
nB‘X’

(4.6)

As a result, by (4.2),(4.3) and (4.6), we obtain, together with C*"(B) >
o (B)
2
CILI

~a,n _ an ﬁ
ni G0 = G < L <

0<t<T

O

By using Proposition 4.6 together with Proposition 4.5, we obtain that C;"" (B)
is Fy-measurably convex in B approximately.

Corollary 4.7 Suppose that X € [0,1] and B, B" € LL(P). For fivedt € [0, T
and any sufficient large n, there exists a constant C' > 0 depending on || Bl
and || B'||oo such that

CEMAB + (1= \)B') < ACM™(B) + (1 — NC&™(B') + c%,

Proof. Remark that, for B € L°(P), ‘N/t(”n’B > V?’n’B. By Propositions 4.5
and 4.6, we have
C{™M(AB+ (1-\)B) CP"(AB+(1—-\B)
ACE™(B) + (1= NCP™(B)
a,n g o a,npf E
A (Ct (B) + Cn) F (1= (Ct (B') + Cn)

ACE™(B) + (1 — \C™(B) + C%.

VARV

IN
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O

Thirdly, we concentrate on (4) of Proposition 4.3. By a similar way with the
above, we prove the following:

Proposition 4.8 Let z; be a bounded Fi-measurable random variable. For fixed
t € [0,T] and any sufficient large n, there exists a constant C > 0 depending on
|zt]|co and || Blloo such that

a,n a,n o
(CP7 (B + @) = CF(B) — mi] < O (4.7)

Proof. We prove firstly the case where C;""(B + x;) — C;""(B) — x; > 0.

Remark that

‘7(y,n,B o VOM'%B-HC{,
t

a,n _ on ﬁ~(y,n,0 t
O (B ) = C () < BT )
t t
Firstly, we have
Voz,n,B o VOM'%B-HC{,
t t

: Q)" (14 %5)"
= eSSIHfQEMf+L(P) Eq (Zt,T) (1 + ﬁB) ‘]:t
: Q\* 2
_eSSlaneM;_L(P) Eq (Zt,T) (1 — 5(3 + J?t)) ‘]:t
5 i a -1
o [(25) (1+28) 7] - 5 |
Q

((m1e)" o) ()

where Q € MZ_L(P) is given by

IN

IN

Fi

1

. ; a
eSSlDerMj+L(P) Eq [(ZtQT) (1 - 5(3 + xt)) ‘ft]

5\ a
The last inequality of (4.9) is given from
1 2 —1 2
(1+EB) —1+%B= (EB) (1+93) < (EB) .
n n n n n
Next, we have
—a,n, B+,

rra,n,B
VitV

— eSSianeML%(P) Eq [(Z:?T)% (1 + %B)_l ‘]—‘t] E5 [(ZtQT) g (1 - %(B +J?t)) ‘ft]

1
n

(1+ %|\B|\w)_1 V0 (1= 2(1Bllow + lledll) ) Eg [(ZtéT) |

Y

7.

18



Thus, we can conclude

RHS of (4.8)
~ 1
2 n
o ((3181)* + 300) B5 | (25) |7
S _V;oz,n,O - — —
- D =m0
(1+ 2181) ™ (1= 2018l + leello)) Eg | (22) 7] 72
(£11BI13 +2¢) (1 + £11Blloo) (4.10)
1= 2Bl + ll2tlloc)
On the other hand,
1+ 2Bl a  2||Bllso + [lzt]lso a
=149 <1+02 (@1)
1= (1Bl + llztlloc) nl = S([Blloo + [lzt]loc) n

(4.10) and (4.11) imply (4.7) for the case where C;""(B+z;)—C;"" (B) —x; > 0.
Next, we treat the reverse case. Without loss of generality, we assume that
x; is positive. Remark that

1 o OéQ

(1 + %(B + J?t))

Since we can prove
2 1
—an,B . a a o
B _ bt (5% 2% (IBI% + |xt|go)> Ej [(Zt‘?T) ‘]—}] ,
where Q € M%_%(P) is given by
Q " -
eSSIDfQEML_%(P) EQ |:(Zt,T) (1 - 53) ‘]:t:|

- () (- 28]

and )
Fa,n, By B Q\" Sa,n,0
V;’n v o < E(g [(ZE?T) ]—'t] v,
there exists a constant C' > 0 such that
Fon, B 1ra,n,B+x;
a,n a,n n~ozn0Vt _‘/;577
s _ 5 > _ BUE]
Ct (B + xt) Ct (B) = a‘/;f V;y,n,B‘Z(y7n7B+xt
a 2 2
> $t—25 (II1BIIZ, + llzel|Z,)
o
Z Ty — C—.
n
Hence, Proposition 4.8 follows. O
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5 Asymptotic behavior

We have to study the asymptotic behavior of our new valuation C;""(B) as
n tends to 0o so as to make sure that C;""(B) is justified as an approximate
approach to the EUIV. In this section, we prove that C;""(B) converges to
the EUIV in probability. Remark that GR have proved that the p-optimal
martingale measure converges to the minimal entropy martingale measure as p
tends to 1. In the proof of the following theorem, this asymptotic behavior will
play a vital role.

Theorem 5.1 Suppose that B € LT (P). For fized t € [0,T], C{""(B) con-
verges to C;"**P(B) in probability as n — oo.

a,n,B
Proof. Step 1 We shall prove that Vtva,n,O converges to
t

esssupyecgess E [Uaexp (0, G, 7(9), B)|Fi]
esssupyegess L [Uaexp (0, Gi,7 (1), 0)|F]

in probability.

For small € > 0, there exists a sufficient large odd number ny such that, for
any odd number n > ny,

n
(1—e)eB < @B _c < (1 n 93) <P Pas..
n
Since n + 1 is even, we have
a ntl B a,n,B
wE|—(1-2 <y
CSSSUD, () E[ (1 nGt,T(ﬁ)) e ‘ft] <V (0)

« n+1
< (1-¢) eSSSUP g ) E [— (1 - 5Gt,T(19)) e"B‘]-"t] . (5.0)

Now, we define a probability measure P**PB equivalent to P as

dPeXp’B _ Cexp,Be(yB
dpP ’
where C*P-B ¢ R,. We denote
dPexp,B
ZpP = B ||
! [ ap 7'

and
exp,B ., rrexp,B exp,B __ ~exp,B _aB
Z5PE = Z2wB g b — opeB

)

B . ”» .
where C;*7 is an F;-measurable positive random variable. Then, we have

1 a n+1
LHS of (5.1) = W eSSSUP g () Epexp,8 [— (1 - 5Gt,T(19)) ‘ft]
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1 . a n+1

= _W esslnfﬂeen+l(Pexp,B) Epexp,B |:(1 - 5Gt,T(’l9)) ‘]:t:|
1 ¢ (Tn),eXILB et

= —WEPeXp,B (1 + T) .7:t 5

where * £ ig the projection of “17 onto tC,.41(P<P+B) in £+ (Pexp:B).
Remark that, B € L(P) yields

@gl) — @n-{—l(Pn,B) —_ @n-{—l(Pexp,B) —_ @n-{—l(P)-

By Lemma 4.13 of GR, tf(T")’eXp’B converges in probability to  fo®# | which is in
Nnz0t K1 (PP B). Thus, for every sequence ny,, we can extract a subsequence
(still denoted by my) such that

ng),exp,B ,B
tf(T khexp. B _, LEP P-as..

. .. . xp,B
Remark that there exists the minimal entropy martingale measure P

PexP:B the density process of which satisfies Rrrogr (Pe"p’B). We denote

for

—exp,B
—exp,B dP
Zt = EPexp,B W ]:t 5

and, by the proof of Proposition 4.15 of GR, we can represent

—exp,B —exp,B =exp,B —exp,B B
Zt,T =2y /Zt =C, eXp(tf;xp )s

xp,B
where 6; P7 is an Fy-measurable positive random variable. In addition, the
proof of Proposition 4.15 of GR implies that

t p(ni)exp,B\ "L
e ()

Nk —00 ng

t p(ni),exp,B\ "F
()
i

FEpexp.B [exp (tf;Xp’B) ‘ft} P-as..

hm EPexp,B
N —00

Hence, we obtain

t p(n).exp, B\ "1
FEpexp,B (1 + T7> ‘]:t — FEpexp,B [exp (tf;Xp’B) ‘]:t} (52)
n

in probability. Moreover, as for the sequence ¢ f(T"), Lemma 4.13 of GR yields
that tf(T") — Lf7P in probability. Besides, ! f7* is included in Ny>0'Kpt1(P).
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Remark that the minimal entropy martingale measure P for P is given by
PP o
d_P = Cexp( ; p),
where C' € R,.. Hence, the same sort of argument as the above shows
| A [exp(* fP)|F]  in probability. (5.3)

Since ¢ is arbitrary, (5.1), (5.2) and (5.3) yield

ymB E [exp(tf;Xp’B)e“B‘ft}
a,n,0 - E t £EXP F
V; [exp (" f7 )| F4]

in probability . (5.4)

Now, we shall prove that
Epeso.s [exp(t f;xpo)m} = essinfycoen Epe.s [exp(—aGrr(9)|F]. (5.5)

By Proposition 1 of MS, there exists an 7 € ©°* such that G; r(n) = tf;Xp’B.
For any ¥ € ©°*P, we denote —a) = 9 + 1. Then, we have

essinfycoexe Epexp.5 [exp(—aGyr(9))|Fi]

= essinfgcgexp Epexp. [th,T(ﬂ)eG,,,T(n)‘ft}

1 . =
= —7F essin{y . gexy Eexp. |:€Gt,T(19)‘]:ti| )
t

Jensen’s inequality yields
B [ 7P| F] > exp{Eper.n [Gor @I F]} = 1.
On the other hand, if we set ¥ = 0, then
Esexp.B [eG‘*T(g)‘]—}} =1.

Hence, we obtain (5.5).
Let us go back to (5.4). We can conclude that, together with (5.5),

V;a,mB esssupPycgexr [Ua,exp(o, G r(9), B) ‘ft}

om0 in probability .
|7 esssupycge» B [Ua,exp(o, Gt,T(ﬁ),O)‘}‘t}

Step 2 We prove the following;:

Lemma 5.2 Let A be a compact set on R and {X,, }n>1 a sequence of A-valued
random variables such that X,, converges to a random variable X in probability.
Moreover, suppose that a sequence f, of continuous functions converges to a
continuous function f on A. Then, we have

fn(Xn) — f(X)  in probability.
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Proof of Lemma 5.2. We fix an € > 0 arbitrarily. We have only to show

lim P ({|fn(Xn) - f(X)] <e}) =1

n—00

Now, we calculate the lower bound of the left hand side.

({Ifn( Xn) = f(X)| < e})

= P{lfn(Xn) = f(Xn) + f(Xn) — f(X)] <e})

> P{[fa(Xn) = f(Xn)[+[f(Xn) = F(X)] <e})

> P({lfa(Xn) = f(Xn)| <e/2} 0 {[f(Xn) = f(X)| <e/2})

= P{[fn(Xn) = f(Xn)| <e/2}) + P {[f(Xn) = f(X)] <&/2})
=P ({[fn(Xn) = f(Xn)| <&/2} U{[f(Xn) = F(X)] <2/2})

> P({[fa(Xn) = f(Xn) <€/2}) + P {[f(Xn) = f(X)] <&/2}) =1

Since X,, € A for any n > 1 P-a.s. and f,, — f on A, we have, for any sufficient

large n,
P({lfn(Xn) - f(Xn)| < 5/2}) =1

Moreover, there exists a § > 0 such that |z —y| < § = |f(z) — f(y)] < /2.
Thus,

P{[f(Xn) - F(X) <&/2}) = P({|Xn — X[ < 6}) — 1

This completes the proof of Lemma 5.2 O

Step 3 We denote

Then, we can represent

Furthermore, U,, satisfies
« n B
1§%§@+4WM)waw
n
By Step 1, U,, converges to

€SSSUPy e @exp E |:Uoz,exp(07 Gt,T(ﬁ)a B)‘]:t}

(=)
€SSSUP ycgexp E |:Uoz,exp (07 Gt,T(ﬁ)’ 0)‘]:15}

in probability. Incidentally, MS have proved

1
COP(B) = ~ log U.
(0%
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1
Moreover, f,(z) := n {xl/” — 1} converges to f(z) := —logz on the compact
a

set [1, exp{a||Bl|s}]. By Lemma 5.2, we can conclude that
CY""(B) — C{"**P(B)  in probability.

This completes the proof of Theorem 5.1. O

6 Extension to bid valuation

The definition of the utility indifference valuation is given from view of a seller.
In other words, it is a proposition of an asking-price for a contingent claim.
Thus, when we try to suggest a bid-price, it is natural that we improve the
utility indifference valuation to an adapted process C(B) satisfying

esssupyce F [U(J?t + Gt,T(ﬁ))‘ft} = esssupyce I [U(J?t —Cy(B) + Gir(¥) + B)‘]:t} )

In particular, as for the EUIV, its bid valuation is given by —C;"“*(—B).
Remark that the EUIV is defined for bounded contingent claims which may value
in negative numbers. On the other hand, our valuation Cy""(B) is available for
only positive contingent claims. At least, we have to restrict that B has a lower
bound in order that C}""(B) is well-defined. Hence, we should define a bid
valuation other than the ask valuation C;""(B). Firstly, we define obediently a
bid valuation C; " (B) corresponding to our new valuation as follows:

OSSP, 50 E [— (1 — %Gt,T(ﬁ))nH ‘]:t]

= esssup, g E [— (1 — %6?’”(3))_n (1 _ %Gt,T(ﬁ))n-H (1 B %B)n

ol
(6.1)

where @én) and @;") are suitable spaces of R%valued predictable processes.
—a,n . . .
However, C', " (B) is not convenient, because if we denote

—n,B .
= (58

where 6”’3 is a positive constant, then ﬁmB is not equivalent to P in general.
Note that we should set @;") = @"4‘1(?"’3) for (6.1). Thus, we suggest, in this
section, another definition of a bid valuation, denoted by C;""(B), for C;""(B)

by an approximate way as follows:

OSSSUP, 5 () E [— (1 — %Gt,T(ﬁ))nH ‘]:t]

= esssup g0 E [— (1 + %C’;””(B))n (1 - %Gt,T(ﬁ))"ﬂ (1 + %B) -n

]:t:|a
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where (;)(g) := @+t (P™B) and P™P is defined as

apmP
dpP

=i (1+28) "

Note that C™® is a positive constant. By the definition of P75 there exists the
1 - . .

14 —-optimal martingale measure Q™5 with respect to P™5 in M (PmB),
n w

and its density process Z("):B with respect to P™ satisfies Rij1 (P™B). More-

over, if we denote '

‘Z;y,n,B(xt) = eSSSUD, () E [— (1 + %xt)n (1 — %Gt,T(ﬁ))"J"l (1 + 53) - ‘]:t] .

then, we have, by the definition of C{*"(B),
vomo(0) = Vo P (e (B)).
This implies that
Ve ()
Vo)
Ve P (o)

verB (et (B))

eSSSUP 5 m) E [— (1- %Gt,T(ﬁ))nH (1+2B) " ‘ft}

. +1 _

ESSSUDygy(m) E [— (1 + %C’f”(B))" ( — %Gt,T(ﬁ))" (1 + %B) n

1
(1+2Cr"(B)"

7

Hence, C;""(B) is represented as

can n venBoy
Ci™(B) = = toznio() -1
VR(0)

Just as in the ask valuation, we give a duality relationship with respect to

C™(B).

Theorem 6.1 We have the following duality relationship with respect to C’f’n(B) :

o n+1 o —n
esSSUD, () E [— (1 — 5Gt,T(19)) (1 + 53)

;

—-n
. 1 a
= — {essmethl(pn,B) Eq [(ZE?T)W (1 + 53) ‘ft}} . (6.2)
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Proof. We denote

—n

ZnB
ZnB_

>n,B
7P =

C’?’B (1 + %B) and Zf’B =F [ Py ‘]:t] 5

“n,B . o .
where C}"” is an F;-measurable positive random variable. Moreover, we denote

>(n),B t #(n),B\ " ~(n),B
AL O T 5(n),B . _ Q™
ZtZ“ = Z{")aB = Ctn (1 + T) and Ztn = Epn,B [W‘ft ,
t

where C’é")’B is an F;-measurable positive random variable, and ¢ f(T")’B €
tKpy1(P™B). In particular, — V(T")’B/n is the projection of “1” onto *IC,, 1 (P™%)

in £1(P™PB). Now, we compute the left hand side of (6.2).

1 . a n+1
LHS of (62) _W essmf§€®§;> Epn,B |:(1 - 5Gt,T(’l9)) ‘]:t:|

t

1 ¢ fn),B\ "1
Epus <1+T—> ‘ft

CTLB n
1 1 (n) B
= CnBC(n)BEQ(“>B 1+ ‘ft
1 1

_étn,B Ot(n),B'
On the other hand, we have

RHS of (6.2)

3 B 4+, -+ =
= — {essjanEMi+L(Pﬂ"B) E [(ngn,BZtTfTB) (ZZTB) ( tn:B) ‘]:t:| }

L

1+

1 . . B
_—C'«mB {esslaneMi+L(Pn,,B)EPn,B [(ZtQTn )
t »

1 o o
=(n),B\ "
— {EQ(W,,B [(Zt‘}) ) ‘]—‘t]}
t

11

_étn,B Ot(n),B’

where
. Z'QJL»B . dQ
Qn,B  _ ZT Qn.B ._
ZOmB = S and  Z9"P .= B, . [deB‘ t] .
This completes the proof of Theorem 6.1. O

By using Theorem 6.1, we obtain another representation of Cy""(B).
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Corollary 6.2 Denote
~a,n,B

. 1 o
V., = eSSlanEML .5y Eq [(ZE?T)" (1 + 53) ‘ft} .

1
n

~ro,n, B o B "
Vw(o>=—(vt ) ,

Then, we have

and
~a,n,B
= n
a,n _ t
Cr(B) = =4 g — 1

As in Sections 4 and 5, we have to investigate whether or not C{""(B) sat-
isfies Proposition 4.3 approximately and converges to the EUIV. Since 6? n(B)
defined in (6.1) is equivalent to —Cy""(—B) as long as B is bounded and n is a
sufficient large, we can prove easily that C; " (B) approximately satisfies (1), (2)
and (4) of Proposition 4.3, and the reverse inequality of (3), that is, we can say
that 6? n(B) is an approximate concave monetary utility functional. Thus, we
have only to study the relationship between C*™(B) and C; " (B) in order to
confirm that C{""(B) is meaningful as a bid valuation of our new approximate
approach to the EUIV.

Theorem 6.3 For B € L°(P) and any sufficient large n, there exists a con-
stant C' > 0 depending on || B||sc such that

sup [C7(B) — T " (B)| < C2
0<t<T n

Proof. Remark that, since B is bounded and n is a sufficient large, P s
. — L a,n
equivalent to P and @(g) = @(g) = @(g) holds. Now, we define C, (B) as an

adapted process satisfying

eSSSUP g ) E [— (1 — %Gt,T(ﬁ))nH ‘]:t]

o Lo,n —-n o n+1 o —-n
= esssup g0 E [— (1 - 50,5 (B)) (1 - 5Gt,T(19)) (1 + 53)
Then, we have
Con(B) T
x a,n ’ n
C, (B)= (tx'a,n =T ~(tynB_1
1+ EC't (B) - SRR

We prove that there exists a C' > 0 such that C; " (B) — é’t (B) < C—.
Note that we have

—a,n

By~ G, (B) = —C"(-=B)-C, (B)
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~a,n,0 ~a,n,0
n | V n |V,
= o )\Ten B (T a zemE !
a EARd] a ~ EARd]
t Vt
~a,n,B
~ ~ _B > a,n,
n V;oz,n,O V;O(’n’ _ Vt
- ~amn,B ra,n,—B
OéV ‘/;5

t
We estimate the right hand side of the above. Firstly, we have
Voz,n,O ‘70(7'“70
t _ - <1
essianeMe L (EmE) Eq [(Z )7 (1+ 2B) ‘ft}

~a,n,B

t

7%%3

San,—B
Next, we compute V,*"™ 7 -V, as follows:
~a,n,B
~mp  am
‘/'t(l’,n7 _ Vt

. [ Q \L (67 -1
= essmeeMLL(pn,B) Eq |(Z;7r)» (1 — 53) ‘.7:,5
+

. 1 (0%
—esslaneMi+L(pﬂ,,B) Eq [(ZtQ,T)" (1 53) ‘ft}

. [ n a a 2 a _1
= esinlgeu , (o) o (Ztﬁ?T)i, (1 + 2B+ (—B) (1 - 53) > ‘ft]
+

—essianeMe L (PnB) Eqg

INA
+
Sy
+
3|2
™
~——
—
|
T3
™
~—
|
|
—
+
|
Sy
~—
N———
iy

IN

1
Eq [(ZE?T) "

Q1 o
Eq [(Zt,T)" ( 5
where

(C1Ble)” (1= 218l)
)

. 1 o
eSSlaneM;—L(pn,B) EQ [(ZE?T)” (1 + 53) ‘]:t:| = EQ' |:(Ztc?

Sl-
/N
—
_|_
3L
™
~——
3

Remark that M, 1 (P™F) = M{, , (P™F). Moreover, we have

(1- —B) B ‘]—‘t]
essinfgende , nm) B [(ZST)% (1 v 5B) ‘]—‘t}
= Eo|(z%)* (1+58) |7

> Eg [(ZE?T); } .

As a result, we obtain

3=

Tran,—B .
V;O(n = eSSlaneMi:+L(Pﬂ,,B) EQ |:(Ztc? )

Y

~a,n,B

yoen—B _y a 2 a -
b — < (ZIBlx) (1-Z1Blx)

a,n,—B
Vi
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Hence, we can conclude that there exists a C' > 0 such that

o) - B < 2 (21Blk) (1-21Bl.) <2

~a,n,B

On the other hand, since V,*™ % — Vv, > 0, we obtain C;"(B) —
x N v
C, (B) > 0. Moreover, since C;""(B) < ||B]|so, there exists a C > 0 such that

- T a,m . VO””(B) o
0<C*(B)-C, (BY<C*(B)— —L "~ __ <(C—
Thus, Theorem 6.3 follows. O

Consequently, the bid valuation C{""(B) satisfies approximately the same
basic properties as a concave monetary utility functional, and converges to the
bid valuation of the EUIV in probability.

7 Concluding Remarks

The results of Sections 4, 5 and 6 mean that, under some assumptions related
1
to the 1 + —-optimal martingale measure, our new valuations C;""(B) and

C’f "(B) are available as approximate approaches to the EUIV for ask and bid,
respectively. In other words, we succeed in relaxing the condition (1.2) to (1.3)
for a sufficient large n by using a kind of power functions. In addition, Section
3 shows that there exist many important examples satisfying the all standing
assumptions.

On the other hand, in order that we calculate our valuation C;""(B) con-
cretely, we need to obtain the density of P™% and the projection of “1” onto
‘K1 (P™B). These are big difficulties for us to realize our new valuation.
However, there exist several cases where we can compute concretely the density
of the p-optimal martingale measure, for example, see Hobson (2004).

Finally, we eliminate some future problems. We have not researched for
the dynamics of our new valuation in this paper. Hence, very little is known
about properties of our valuation as processes. For example, the time-consistent
or the locally Lipschitz continuity in « (see Section 5 of MS). Furthermore,
we are interested in the asymptotic behavior of C;""(B) as a tends to 0 or
o0o. For example, MS have proved that the EUIV converges to the conditional
expectation under the minimal entropy martingale measure as « tends to 0, and
to the superreplication price process as « tends to oo.
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