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Overview

• S3 \K hyperbolic knot exterior.
hol : π1(S

3 \K) → Isom+(H3) = PSL2(C)

σN : SL2(C) → SLN (C) irreducible rep.

ρN = σN ◦ h̃ol : π1(S
3 \K) → SL2(C) → SLN (C)

• The Reidemeister torsion τ(S3 \K, ρ2N ) ∈ C is well defined.
It is a combinatorial-geometric invariant.
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Overview

• S3 \K hyperbolic knot exterior.
hol : π1(S

3 \K) → Isom+(H3) = PSL2(C)

σN : SL2(C) → SLN (C) irreducible rep.

ρN = σN ◦ h̃ol : π1(S
3 \K) → SL2(C) → SLN (C)

• The Reidemeister torsion τ(S3 \K, ρ2N ) ∈ C is well defined.
It is a combinatorial-geometric invariant.

MAIN THEOREM: (Menal-Ferrer, P.)

lim
N→∞

log |τ(S3 \K, ρ2N )|
(2N)2

= −Vol(S3 \K)

4π

• Based on a theorem of Müller for closed manifolds.
• Start by recalling Reidemeister torsions
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Lens spaces (Tietze 1908)

S3 = {(z1, z2) ∈ C2 | |z1|2 + |z2|2 = 1},

t · (z1, z2) = (e
2π
p iz1, e

2πq
p iz2), p, q ∈ N coprime.

L(p, q) = S3
/
(z1, z2) ∼ t · (z1, z2)

π1(L(p, q)) = Z/pZ

• Question: For which q and q′, L(p, q) ∼= L(p, q′)?
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Lens spaces (Tietze 1908)

S3 = {(z1, z2) ∈ C2 | |z1|2 + |z2|2 = 1},

t · (z1, z2) = (e
2π
p iz1, e

2πq
p iz2), p, q ∈ N coprime.

L(p, q) = S3
/
(z1, z2) ∼ t · (z1, z2)

Stereographic projection

of S3:

z1 = 0, z2 = eθ2i, θ2 7→ θ2 +
2πq
p

z2 = 0, z1 = eθ1i, θ1 7→ θ1 +
2π
p
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Lens spaces (Tietze 1908)

S3 = {(z1, z2) ∈ C2 | |z1|2 + |z2|2 = 1},

t · (z1, z2) = (e
2π
p iz1, e

2πq
p iz2), p, q ∈ N coprime.

L(p, q) = S3
/
(z1, z2) ∼ t · (z1, z2)

θ2 7→θ2+
2πq
p

θ1 7→θ1+
2π
p

ẽ2

t · ẽ2

ẽ1 tr · ẽ1

The lens is a fundamental domain for t
rq = 1 mod p
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Torsion of a lens space (1935)

S3 = {z ∈ C2 | |z| = 1}, t · (z1, z2) = (e
2π
p iz1, e

2πq
p iz2),

L(p, q) = S3/(z1, z2) ∼ t · (z1, z2)

ẽ2

t · ẽ2

ẽ1 tr · ẽ1





∂ẽ3 = (1− t)ẽ2

∂ẽ2 = (1 + t+ · · ·+ tp−1)ẽ1

∂ẽ1 = (tr − 1)ẽ0

t → 1,





∂e3 = 0

∂e2 = pe1

∂e1 = 0

HCW
i (L(p, q),Z) =





Z i = 3

0 i = 2

Z/pZ i = 1

Z i = 0
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ẽ2

t · ẽ2
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Torsion of a lens space (1935)

S3 = {z ∈ C2 | |z| = 1}, t · (z1, z2) = (e
2π
p iz1, e

2πq
p iz2),

L(p, q) = S3/(z1, z2) ∼ t · (z1, z2)

ẽ2

t · ẽ2

ẽ1 tr · ẽ1





∂ẽ3 = (1− t)ẽ2

∂ẽ2 = (1 + t+ · · ·+ tp−1)ẽ1

∂ẽ1 = (tr − 1)ẽ0

t 7→ ξ, ξp = 1, ξ 6= 1,





∂ẽ3 = (1− ξ)ẽ2

∂ẽ2 = 0

∂ẽ1 = (ξr − 1)ẽ0

H∗(L(p, q), ξ) = 0

Def. (Reidemeister, 1935): τ(L(p, q), ξ) := |(1− ξ)(1− ξr)|

{τ(L(p, q), ξ)}ξp=1,ξ 6=1 = {τ(L(p, q′), ξ)}ξp=1,ξ 6=1 ⇔ q′ = ±q±1 mod p
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Torsion of a CW-complex

K compact CW-cplx, ρ :π1K → GL(V ), V =fin dim F -vect.space

Def: C∗(K, ρ) := V ⊗ρ C
CW
∗ (K̃,Z)
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{eij}j i-cellls of K,

{vk}k F -basis for V



 =⇒ ci = {vk ⊗ ẽij}j,k F -basis for Ci(K, ρ)

• Bi := Im(∂ : Ci+1(K, ρ) → Ci(K, ρ))

If H∗(K, ρ) = 0 (ρ is acyclic), then

0 → Bi → Ci(K, ρ)
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bi F -basis for Bi, =⇒ bi ⊔ b̃i−1 F -basis for Ci(K, ρ).
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bi F -basis for Bi, =⇒ bi ⊔ b̃i−1 F -basis for Ci(K, ρ).

Def: τ(K, ρ) :=
n∏

i=0

det(bi ⊔ b̃i−1 | ci)(−1)i ∈ F ∗/{± det ρ(π1K)}

• τ(K, ρ) combinatorial invariant (cellular homeos and subdivision)
and the conjugacy class of ρ 5/16
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If H∗(K, ρ) = 0 (ρ is acyclic), then

0 → Bi → Ci(K, ρ)
∂→ Bi−1 → 0 is exact.

bi F -basis for Bi, =⇒ bi ⊔ b̃i−1 F -basis for Ci(K, ρ).

Def: τ(K, ρ) :=
n∏

i=0

det(bi ⊔ b̃i−1 | ci)(−1)i ∈ F ∗/{± det ρ(π1K)}

• If ρ : π1K → SL(V ), then τ(K, ρ) ∈ F ∗/{±1}
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Torsion of a CW-complex

K compact CW-cplx, ρ :π1K → GL(V ), V =fin dim F -vect.space

Def: C∗(K, ρ) := V ⊗ρ C
CW
∗ (K̃,Z)

{eij}j i-cellls of K,

{vk}k F -basis for V



 =⇒ ci = {vk ⊗ ẽij}j,k F -basis for Ci(K, ρ)

• Bi := Im(∂ : Ci+1(K, ρ) → Ci(K, ρ))

If H∗(K, ρ) = 0 (ρ is acyclic), then

0 → Bi → Ci(K, ρ)
∂→ Bi−1 → 0 is exact.

bi F -basis for Bi, =⇒ bi ⊔ b̃i−1 F -basis for Ci(K, ρ).

Def: τ(K, ρ) :=
n∏

i=0

det(bi ⊔ b̃i−1 | ci)(−1)i ∈ F ∗/{± det ρ(π1K)}

• If H∗(K, ρ) 6= 0, define τ(K, ρ, h∗) for h∗ = F -basis of H∗(K, ρ).
Look for a natural basis h∗!! 5/16



Combinatorial invariant (no topological)
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Ray-Singer’s analytic torsion

• |K| = Mn closed & smooth, ρ : π1M
n → SO(m,R), H∗(Mn, ρ) = 0

• Ray-Singer (1971): Definition of τ(M,ρ)

that works for differential forms
(de Rham cohomology)
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Ray-Singer’s analytic torsion

• |K| = Mn closed & smooth, ρ : π1M
n → SO(m,R), H∗(Mn, ρ) = 0

• Ray-Singer (1971): Definition of τ(M,ρ)

that works for differential forms

δi : C
i(K; ρ) → Ci+1(K, ρ),

δti−1 : Ci(K; ρ) → Ci−1(K, ρ) (use the R-basis for transpose)
∆comb

i (ρ) := δti ◦ δi + δi−1 ◦ δti−1

τ(K, ρ)2 =
∏n

k=0(det∆
comb
k (ρ))k(−1)k+1

• log |τ(K, ρ)| = 1
2

n∑
k=0

(−1)k+1k log(det(∆comb
k (ρ)))

• Idea: Define torsion from “determinant” of Laplacian on k-forms
∆k : Ωk(M ;Vρ) → Ωk(M ;Vρ)
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log |τ(K, ρ)| = 1
2

n∑
k=0

(−1)k+1k log(det(∆comb
k (ρ)))

• ∆k : Ωk(M ;Vρ) → Ωk(M ;Vρ) Laplacian on k-forms
• Spec(∆k) = {λ ∈ R | ∃ω ∈ Ωk(M ;Vρ),∆

kω = λω}
Spec(∆k) > 0 is discrete.

ζk(s) =
∑

λ∈Spec(∆k)

λ−s for s ∈ C, Re(s) ≫ 0

• ζk(s) extends meromorphically to s = 0.
ζ ′k(s) =

∑−λ−s log λ, ⇒ ζ ′k(0) = −∑
log λ = − log det∆k (FORMAL!)
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kω = λω} > 0 is discrete.

ζk(s) =
∑

λ∈Spec(∆k)

λ−s for s ∈ C, Re(s) ≫ 0

• ζk(s) extends meromorphically to s = 0.
ζ ′k(s) =

∑−λ−s log λ, ⇒ ζ ′k(0) = −∑
log λ = − log det∆k (FORMAL!)

Def (Ray-Singer 1971)

Analytic torsion: logRS(M,ρ) := 1
2

∑
k(−1)kkζ ′k(0)
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Cheeger Müller Theorem

• K = Mn closed & smooth, ρ : π1M
n → SO(m,R), H∗(M,ρ) = 0

∆k : Ωk(M ;Vρ) → Ωk(M ;Vρ) Laplacian on k-form
logRS(M,ρ) := 1

2

∑
k(−1)k+1kζ ′k(0)

Theorem (Cheeger-Müller)

Analytic and combinatorial torsions are the same:

RS(M,ρ) = |τ(M,ρ)|

• Proved by Jeff Cheeger & Werner Müller
for ρ : π1M

n → SO(m,R) (1978)

• Proved by W. Müller for SL(m,R) (1993).
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Cheeger Müller Theorem

• K = Mn closed & smooth, ρ : π1M
n → SO(m,R), H∗(M,ρ) = 0

∆k : Ωk(M ;Vρ) → Ωk(M ;Vρ) Laplacian on k-form
logRS(M,ρ) := 1

2

∑
k(−1)k+1kζ ′k(0)

Theorem (Cheeger-Müller)

Analytic and combinatorial torsions are the same:

RS(M,ρ) = |τ(M,ρ)|

• Proved by Jeff Cheeger & Werner Müller
for ρ : π1M

n → SO(m,R) (1978)

• Proved by W. Müller for SL(m,R) (1993).

• SL(m,C) ⊂ SL(2m,R) a+ b i 7→
(
a −b
b a

)
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Fried’s Ruelle Zeta function

• Closed hyperbolic Mn, n ≥ 3, ρ : π1(M
n) → SO(m) acyclic.

• Ruelle Zeta Function:

Rρ(s) =
∏

γ∈PCG(Mn)

det(I − ρ(γ)e−sl(γ)), s ∈ C, Re(s) > n− 1.

PCG(Mn) = {oriented primitive closed geodesics γ ⊂ Mn}.

Theorem (D. Fried 1986):

Rρ(s) extends meromorphically to C and

|Rρ(0)
(−1)n+1 | = τ(Mn, ρ)2,
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Hyperbolic knots

• S3 \K orientable hyperbolic, S3 \K ∼= H3/Γ

Γ < Isom+(H3) = PSL2(C) = SL2(C)/{±Id}
hol : π1(S

3 \K) ∼= Γ < PSL2(C) lifts to h̃ol : π1(S
3 \K) → SL2(C).
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1 , vN−2

1 v2, · · · , vN−1
2 〉.

• ρN := σN ◦ h̃ol : π1(M) → SLN (C)

Theorem (M.S. Raghunathan 1965)

M3 closed and N > 1, H∗(M3, ρN ) = 0

Theorem (P. Menal Ferrer - J. P. 2010)

K ⊂ S3 hyperbolic knot, N > 1 , H1(S3 \K, ρN ) =





0 for N even

C for N odd
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Cohomology for hyperbolic knots

• S3 \K hyperbolic, h̃ol : π1(S
3 \K) → SL2(C).

σN : SL2(C) → SLN (C), ρN := σN ◦ h̃ol : π1(S
3 \K) → SLM (C)

H1(S3 \K, ρN ) =





0 for N even

C for N odd
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• Assume N even to simplify (⇒ H∗(S3 \K, ρN ) = 0 for even N ≥ 2 )
(For N odd one has to chose a basis in cohomology.)
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Cohomology for hyperbolic knots

• S3 \K hyperbolic, h̃ol : π1(S
3 \K) → SL2(C).

σN : SL2(C) → SLN (C), ρN := σN ◦ h̃ol : π1(S
3 \K) → SLM (C)

H1(S3 \K, ρN ) =





0 for N even

C for N odd

• Assume N even to simplify (⇒ H∗(S3 \K, ρN ) = 0 for even N ≥ 2 )
(For N odd one has to chose a basis in cohomology.)

• For N odd this is related to deformations
X(π1(S

3 \K), SLm(C)) = hom(π1(S
3 \K), SLm(C))//SLm(C)

[ρm] is a smooth point of local dimension m− 1.

• T[ρm]X(π1(S
3 \K), SLm(C)) ∼= H1(S3 \K, slm(C)Adρm) ∼=

∼= H1(S3 \K, ρ3)⊕H1(S3 \K, ρ5)⊕ · · · ⊕H1(S3 \K, ρ2m−1) ∼=
∼= Cm−1
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Asymptotic behaviour

• S3 \K hyperbolic, h̃ol : π1(S
3 \K) → SL2(C).

σN : SL2(C) → SLN (C), ρN := σN ◦ h̃ol : π1(S
3 \K) → SLM (C)

Theorem (W. Müller 2010) M3 closed.

lim
N→∞

log |τ(M3, ρN )|
N2

= −Vol(M3)

4π
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• S3 \K hyperbolic, h̃ol : π1(S
3 \K) → SL2(C).

σN : SL2(C) → SLN (C), ρN := σN ◦ h̃ol : π1(S
3 \K) → SLM (C)

Theorem (W. Müller 2010) M3 closed.

lim
N→∞

log |τ(M3, ρN )|
N2

= −Vol(M3)

4π

Theorem (P. Menal Ferrer - J. P. 2011) K ⊂ S3 hyperbolic:

lim
N→∞

log |τ(S3 \K, ρ2N )|
(2N)2

= −Vol(S3 \K)

4π
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Idea of the proof

Müller: M3 closed. lim
N→∞

log |τ(M3,ρN )|
N2 = −Vol(M3)

4π

• Ingredients of Müller’s proof :

− Rρ(s) =
∏

γ∈PCG(S3\K)

det(I − ρ(γ)e−sl(γ)), s ∈ C, Re(s) > n− 1.

− Rρ2N (0) = |τ(M3, ρ2N )|2

13/16



Idea of the proof

Müller: M3 closed. lim
N→∞

log |τ(M3,ρN )|
N2 = −Vol(M3)

4π

• Ingredients of Müller’s proof :

− Rρ(s) =
∏

γ∈PCG(S3\K)

det(I − ρ(γ)e−sl(γ)), s ∈ C, Re(s) > n− 1.

− Rρ2N (0) = |τ(M3, ρ2N )|2
− Functional equation

log
|τ(M3, ρ2N )|
|τ(M3, ρ4)|

=
N∑

k=3

log |R2k(k)| − 1
π Vol(M3)(N(N + 1)− 6)

where R2k(s) =
∏

γ∈PCG(S3\K)

(1− ekiθ(γ)−sl(γ)) &
N∑

k=3

| log |R2k(k)|| < C

l =length, θ = Riemannian torsion and λ = l + iθ =complex length

hol(γ) = ±


eλ(γ)/2 0

0 e−λ(γ)/2
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Idea of the proof

Müller: M3 closed. lim
N→∞

log |τ(M3,ρN )|
N2 = −Vol(M3)

4π

• Ingredients of Müller’s proof :

− Rρ(s) =
∏

γ∈PCG(S3\K)

det(I − ρ(γ)e−sl(γ)), s ∈ C, Re(s) > n− 1.

− Rρ2N (0) = |τ(M3, ρ2N )|2
− Functional equation

log
|τ(M3, ρ2N )|
|τ(M3, ρ4)|

=
N∑

k=3

log |R2k(k)| − 1
π Vol(M3)(N(N + 1)− 6)

where R2k(s) =
∏

γ∈PCG(S3\K)

(1− ekiθ(γ)−sl(γ)) &
N∑

k=3

| log |R2k(k)|| < C

l =length, θ = Riemannian torsion and λ = l + iθ =complex length

Goal: Prove this functional equation for S3 \K by approximating it
by closed manifolds (Dehn fillings).
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Approximate by Dehn fillings

Kp/q = (p, q)- Dehn filling on S3 \K
Kp/q = S3 \N (K)∪ϕ D2 × S1, with ϕ(∂D2 × ∗) = p meridian + q longitude

γp/q= core geodesic of D2 × S1

Thurston’s thm: Kp/q is hyperbolic for almost every p/q ∈ Q ∪∞
and lim

p2+q2→∞
Kp/q = S3 \K for the geometric topology

(pointed bi-Lipchitz convergence).

In particular Vol(Kp/q) → Vol(S3 \K) and length(γp/q) → 0
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Thurston’s thm: Kp/q is hyperbolic for almost every p/q ∈ Q ∪∞
and lim

p2+q2→∞
Kp/q = S3 \K for the geometric topology

In particular Vol(Kp/q) → Vol(S3 \K) and length(γp/q) → 0

λPCG(Kp/q)= complex length of or.primitive closed geodesics of Kp/q

Lemma: For every compact C ⊂ {z ∈ C | 0 < Re(z), 0 ≤ Im(z) ≤ 2π}
λPCG(Kp/q) ∩ C → λPCG(S3 \K) ∩ C

Proof Thin-thick decomposition: the thick parts converge, and
geodesics different from ±γp/q that enter the thin part become
arbitrarily long
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Equation when p2 + q2 → ∞

Kp/q → S3 \K

log

∣∣∣∣
τ(Kp/q,ρ

p/q
2N )

τ(Kp/q,ρ
p/q
4

)

∣∣∣∣ =
N∑

k=3

log |Rp/q
2k (k)| −

(
1
π Vol(Kp/q)(N(N + 1)− 6)

)
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)

log

∣∣∣∣
τ(Kp/q,ρ

p/q
2N )

τ(Kp/q,ρ
p/q
4

)

∣∣∣∣ = (1) + (2) (Mayer-Vietoris Kp/q = S3 \K ∪ γp/q)

(1) = log

∣∣∣∣
τ(S3\K,ρ

p/q
2N )

τ(S3\K,ρ
p/q
4

)

∣∣∣∣

(2) =
N−1∑
k=2

log |e(k+ 1
2
)λ(γp/q) − 1||e−(k+ 1

2
)λ(γp/q) − 1|
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4
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∣∣∣∣ → log
∣∣∣ τ(S

3\K,ρ2N )
τ(S3\K,ρ4)

∣∣∣

(2) =
N−1∑
k=2

log |e(k+ 1
2
)λ(γp/q) − 1||e−(k+ 1

2
)λ(γp/q) − 1|

N∑
k=3

log |Rp/q
2k (k)| − (2)→

N∑
k=3

log |R2k(k)|

(λPCG(Kp/q) ∩ C → λPCG(S3 \K) ∩ C, ∀C ⊂ {Re(z) > 0} compact)
Vol(Kp/q)→ Vol(S3 \K)
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Final remarks and questions

• N = 2k + 1: H∗(S3 \K, ρ2k+1) 6= 0.
τ(K, ρ2k+1, h

∗) uses a basis in homology but the same asymptotic
behaviour holds true.

• It also applies to any cusped manifold, not only to S3 \K.
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∗) uses a basis in homology but the same asymptotic
behaviour holds true.

• It also applies to any cusped manifold, not only to S3 \K.

• Müller-Pfaff have defined recently an analytic torsion in the finite
volume case and proved this formula.
Is it equal to the combinatorial torsion?

• Can one extend the asymptotic behaviour to X(S3 \K)?

• Is there a similar result for Chern-Simons?
(related to the argument of the torsion)?

• ...and thank you for your attention!
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