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Main 4spic: Hwisted fnvarfants and fibered knsts

Particularly T want to diScuss :
O original metivation and deas +hat led me +o
e Sirst result on Aibered knets CTAMS's3  arkiv o1]
Q@ \Viewpaints frowm  qeneral twisted coefficients
® Seme su\asczuenlr wotks

The treatments will be:
® As elementary as possible
@ Mainly Jor the simplest but mest essential case

Alexander palynemial and Fibered &nots

kCSS is "fl'berea = Ak(-t) \S Mgnic (ana\ JejAk(f)t 23(}())

Let X= S (opeu tubnbhd. #§ K) , T.C 3 be a fiber surfoce For K .

= (X cut alng Z) 2 TelA) te, X5 T g e
where Z\Z__,z 15 the Wmvan;Mg,
Compute | (XS X = nfimte cyclic cover 0‘§ X
R R A A
Zx[a1] ;\—Z 3 Zx[o]
ThereSore £ (1) = (&) & _ 7S -
ereSore \(\Q (&) /‘tl—ex* 2 l/ﬁl—ﬁ,é (3 3(2))
A(+) = det (tI-R,) (S monic and deg= 23,

Twisted eflicients and verings © “he utimate source sf "+wis-h’m\q”_

X i finite CW complex  with T\:TT(X) :

an: :fZ hﬂlﬂcl_} 3nup ring of T
(= Sree abelian gmup generated by )

Cﬂ()'(L; Z) = cellular chain complcx AS +the universal cover §(4

= Htee abelian group generated ()\/ cels of )?
= (left) free Za-wodule generated by cells 5 X

(9~
X

{Cel\s in X over ek ~®
(Tndexed by 9em)

In fyad—g) T ads§ on
cells in ¥ over e
05 deck transformation




Often we write C,(%;Zx) = C(X;2)
For any cTaht Zx-module M | define

CLO) 2= M% C,(x;Zn)  Awisted chain compley

HOGH) = W(GOGM)  Hwisted fomology

(Note any le§t Za- module bewmes a right Zn-module via 1-3:=§‘x.
Tnvariants from G(%2) o H(X-) are s¥fen called “fuisted nvariants.
T$ sur twisted coelficient system (s ‘3004 enbug\n"’ we may eonsider
+ Invaciants 6§ modules H(X;=) © rank (= Beft number )
“torsim part" ¢ & module
()ASCA
. Invaciants of +he\(?.h4?w amplex C,(x;-): wmbinaborial forsion

.

Viewing & as @ Zn-module

Foy calculug Fits tnto +Hhis viewpoint (<3 CWada])

9-skeleton X2 of X — gmup presematon of w= T (X)

a description of 4/—/_/

Fb)( Qx\cu\us
9 GG = € (x;-)
(oﬂen Pfesev\h&fon> \,\ favarfants of T and M
g o (05 =)
a Q-cell 67-: Kerna| = nermal subgp

X Gen.by r-
2 /aﬂ'ac\r\\'nj ma.p \I, 1 o

= a word o ('LJ";X,,)

tree goup & on X, X,
= a relator in (X)

\\l}P

a 3ehm,m+or o m(X) (X) :7“6((2))

Eox Calcu\u S
Computes \i:

3

a 2-cell (_;: universal wver & K

12/ attaching map ,.{_ K= L6+ o6 5y
=a word 1 ‘\_=Fr',
< "bl + '—‘—’l

{4—&\\3 in X srer x; ¥
¥ $ree gup F= )

universal Cover

§ 1 e (2RO
_ N >
a(lige ok &) = ¢ (1) ()
r

T X is « hnoun]%oldJ we have 6 ot more :

+ Boincare duality (Chm‘n level and fomology level )
NS, : C[(X;Zn) 5 Coi(X; 27)
H(xy2v) S 8, (% 2r)

. L--l-heovj: Algebraic wberdism 6‘5 chain mplexes

- Tuwisted intersecton Jom B, (X3 Zr) x H, (xiZv) = Zn

. S(Shaﬂ-we wvartants .. [§ our fwisted c»e({\‘c{ev\{-s are.
go00d enough

Comfns Soon: More about "twisted c{ua\({-&"




Special ases:
® Group ring weHicents
Qiven a hpmomorphism ¢ T=T(X) = G and o Commutative ringR,
Mi=RG s an (RG, Z&)-bimodule G-cover of X
Nowr G,(X;RG) =RG 2 ¢(Gz2) = (x.iR) bt Ra-mudule

by & g indexed )(e[ X

by &
Le, H'(XIRG) = ordinary e\a’molvﬁﬂ \-l*(XG;R)

eg. Alexander module = H(S2K; Z[¢"])  uwhere %;m(&z-k)—ezz(tb
M o=t

@ Representations as modules over gruwp rings
Given a representat on
Q: T=T,(X) = GL(L&R)  where ® = & (possibly noncomm.) r(nj)
I

tendomorpl'\fsms sn the rI3h+ fS @"}
we regard R as an (R, Zw) - bimodule
So HOGR") = H(®'®CxiZn) s o leSt R-module.
Zn

Why finite dimensional representations ?
X s fintte (as a CW- complex ) )
S QZ(X:&n) N &nz@ C;(X;Zw) o &n-(u‘s& —celk)
s T.9. sver R "
= H-L(X,‘@R“) s fg. over® § R is Noetherian

Twisted Alexander module 6§ knsts

Let K< S* be a knot (oriented )
*KZ sx (‘open +ub. nbhd. of K )
Q: T —>GL(O,R) e, R" s a Zu-medule
abs .
$: T — ‘ﬁ/[" 7] = 2=<t|> ve, RIET s o Zm-medule

Then RE*1® R" ('E e&:.:&n) beomes an (R[th]‘ Z?T)—bimatlule
R

Via +he dquonal Qch‘m 6‘3 36“1 (‘C@’)® )()3 = '(2(*-) ?g(i) ® x?(g)

Tha Hwisted Alexander module A= ) Ts defined by
ALK’Q A= H_L(XK; R )

Twisted Alexander Pol\jnomial (@moloiicd version sg [k\'rk—L'\vags‘-m]j

Gien ¢+ T(X) — GL(n,F) weh F a field
A= H,‘(Xk‘. ) s « f.9. module sver F*) = & PID /
AT FleT F
AT (@ T
— ¢
$ree [M\\'t TS Ton \aqr-l:

3 by Hu Shrudrure Sraorem
over PLD
Deﬁv\e +he dwisted Alexander FS\B“OV";*\ \33 A ?(-t\ = TT E:(-(—B

(up-\» unig T F[{:*'])
Montc 2




(C.%04] Definition combining Kirk-Livingston and
classical methods for elewentary deals (¢f, [Wada] )
Swppase R s a Noetherian UFD. (# So 1S R[f“])
Then Ak'?= H4<X; REK") s S35 over RE™), and +here T
& presentation REIP_x R — Ao ™ © .

Dedine SAK i= +he deal of R[] gen. by

’ D = ¥ det(T) | T' = axa submabrix o§ T}
AK,?&) = 3(6’ (@ )

The well- definedness s shown usfnﬁ " Tietze moves" for presentwtions
(C,S. See ECFBWIW&“'FM(] )

Using H.(=) in place o5 H, (-)J we dedine Nk,e ).

Obstructon to be?ng fibeced

Theorem: I K< S3 (s '§?\>er€c\J 4inen for any @ (X% ) = GL(V‘,\Q))
® AK,p is presented \73 a mateix of the -form tI1-H over R[é‘l_
@ sﬁkp (s a principal ideal gen. by det (+T-H)

@ Ak,g: AL}Q is montc (€. fop & bottom coeflicients are unds R)

and Jeg A‘RzP - deg A:}"P = h(?.j(k)—1) .
Conseguently, Ay o s annihilated by a monic pslynomial.

(P\‘oo‘&) Lf Y= XK and ? = (n'ﬁni{’e Cydfc wver 0‘% X

Then Af: = H\(X; R[ti'_‘]h)
S H(GRY)  whew R is a Z[W(T)]- module
vie. T(%)—> T(X) re R"

Let T = fiber surface , B Z::; 2 mencdrmy,
M= (X cut along 2) & 3 x[od],

X = T%v Z wlrw $

2»«[0,4) :Z —;Z Zx[hl1]

HOGRY) = H(Z RIET/4T8,  where &0 H(23RY) ©

23
IaVS > =006 R B (R
Sl 1
(9=4()) R'znj Co(ZIZTTIE)@Rn A"
Vi
Therefore  H(Z;R") = Ker 3, C R™ is R-Free,
rank H1(?_.;Rh) - rank HO(Z;R") = n(29-1)
1

o

I
des AL/P deﬂ Ak,(’ Y/

Metabelian cepresentations €om Finite cydlic covers

N:= o\—"fo\d cyelic aover o X,

|

X, = oderfor of Kc§?

95 : T\()(k) >4 (*tl) induces U T\\(N)—“f d2 = <S\ > where S-—’td‘
Given o: H, (N) = G=Hfinite abelian goup, RE= Rle" s & 27, (N)-module
f Tt s very eagy o choose o which are essentially different Srom R

3. H(N) = H(d-5old brandned Gover) — &
l(!l)

~~>  Twisted Alexander wmodule Hk(N; R[Sh'] XY o\ef?md,

-d
Tn fact, ?sz® iT(X,) = R\Gl is a 2m(X,) - module and
mN

H(xs REET) = B R (])  over RE™Y.




Example : Nonfibered knots with arbitrarily given novifrivial Al

detected by fwisted Alexander invariants

Suppose K (s & knst w4 ) F 4
k(+\:[='1 < firsme d, Hu d-fold branched cyelc cover M of K
Cinfinckely mang) has nartrivial H‘(r’la\
Choose  H,(M,) B 4. |, rza.

Given a Se\fect sucface F o§ K, .M (s obtained as Tollows :

Q ’:_—j ~——> Hb = Surge/rtj on ‘\\F@QVI
T Adluke [\\M\\
L \ NS

'K\‘rbjj
K \6 Yoo "~

° LS

H|O“l03 s qenurated by [¥ i)

Key idea 0‘§ Akbulut— Kirby :

4-a\«e 2 copieg
and 3lue_ (mrHsé

.

oF

~> ‘;‘j Surqery (-gi”fwﬁ wn the “oh‘)
we obfacn 2-Sold Cy(.\\"c branched

Claim | under o : H((Mﬁ) =5 Zr) d[‘t‘-jl_-\,» d‘DE(J‘H)l Lor some (Jj.
(= “(U"J]'Uﬂﬁm has otder n>41 )
T Sact, Df;:\] qives Hn presenfatipn wahriy [vayT T

. _ Wt T
where V = Seifert madrix for F v \—/\/\/ V_CJ\;T k

R T T
I Al s & engt x. then A= (1) setishie [J x(V+vT)- %V =o
§ Alx] » - (%) satisfies xV 2 (AT = o

o
J
i}

- x(V-VT) =0 > xz0 > o5 *rvial ¢!

Now consider - tie th
@ e~
aknet I

Kb and K have +he Same Yef§u+ matrix (ﬁ; AKD(ﬂ = 8. >

d-fold branched coverg (eok Like:

N
\6 YJZ
\‘|2

Constder +he representatin
o
o: ““\A - M= HM =M =2 < GL(Z[z,])
d-§s\d cyddic cover for k reular reprin

P® Y makes = Z[Z,']QZ{S*‘} ~ ZY_Zr)‘<S\->] o 2T, (N)-module




Then, by Mayer-Uietoris arguments,
gNs) D H\(Mj)@) 28] where M = h-Jold branched wver fo- T
z

Since Qw\er(o\um o‘k 'S) = Y;

I—Y;qﬂ) \:} order n elt € Zr_

B HM) #0 (for Ya) | then H(ND) s never annihilated by
any monic polynomial /
€9, T hos Sefert mateix E ll = H(M;) 20 Ynzq,
0 -\
Summari2tag | We have pnven:

_(L\e,omwl . For any knot ko with Akb('f) +1 A
3 (nfintrely many knoty K which have $he Same Setfert matriy os K
but have “wisted Alexander polynomials o‘f nonfibered knots

Remark :

@ s construcim  lushrates Yhat there are many knsts
wrth non-torsim twisted Alexander wmodules
(o 8,0 =0)

® Stmilar but more sophisticated construchom of
representations produces exawples with D (t)=1
Naving the same properties,

fe., non—torsim twisted Mevander module
which @5 nst annihilated by any monic poly .

- (¥} surgery

Subseiuem’ works include :
[ Goda~ Kitand - Mortuji ‘o6 ]
Pe'gcrmulah'on c'g Mmonicness For Tibeced kenets using
Reidemeister forsion and Wada's approach
(Fried)-Kim ‘06 ]
Lower bounds for genus /Thursten novm and
menic/ degree property 6§ TAP  for fibered 3-manifelds

(Fried (- Vidussi ‘60—
Symplectic structures on S'x M> and mohic /desree property of TAP
Sutficiency of TAP obstructim +o being 7bered -
TAPR detects £ibered knsts and 3-manfslds

WL,







