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1 Introduction and main results.

1.1 Self-avoiding walk on the Sierpinski gasket.

Self-avoiding walks on hypercubic lattices Z™ have been studied mathematically for half a century, but
compared to random walks (and diffusion processes, their continuum limits), amazingly little is known
[11].

For random walks, nice properties such as Markov properties enabled deep and accurate studies, many
of which are effective for spaces with any dimension n. On the other hand, self-avoiding walks seem to
have little such strong general methods. In fact, their behaviors are expected to vary drastically with the
dimension n for small n, so that effective methods possibly vary for different spaces.

Turning our attention to the 2- and 3-dimensional Sierpiniski gaskets, there are works on the restricted
self-avoiding walks (a subset of self-avoiding walks, to be defined in Section 3.1) in [1], and mathematically
rigorous studies for the full self-avoiding walk (including a proof that the restriced self-avoiding walk of
[1] are in the same universality classes with the full self-avoiding walk), with further precise asymptotic
results, exist for both the 2-dimensional Sierpiriski gasket [5, 4, 7] and the 3-dimensional Sierpinski gasket
(4-simplex lattice) [6].

In the direction of generalization to d-dimensional Sierpiriski gaskets, there is a work [9] on the restricted
model for d = 4,5, following the lines of [1] with a propsal of an approximation method for general d. (d-
dimensional Sierpiniski gasket is the d + 1-simplex lattice in [9].) However, studies in the direction of
extending the rigorous renormalization group analysis to d-dimensional cases have not appeared, to the
authors’ knowledge.

A main object of this paper to propose a general and mathematically rigorous renormalization group
formulation of the self-avoiding walks on dSG for all d, from which one can derive asymptotic behaviors.
As an application we prove asymptotic behaviors, such as the exponent for mean square displacement,
of the restricted model of self-avoiding walks on 4SG. (The restricted model considers those self-avoiding
walks which does not take 2 or more steps in row in each unit simplices (Section 3.1).)

We emphasize that a rigorous renormalization group analysis is non-trivial for the self-avoiding walks
on dSG. Though it is easy to write down the renormalization group recursion equations for small d, it is of
course another thing to analyze their trajectories rigorously. (Rigorous analysis of renormalization group
trajectories and rigorous proofs of their implications on asymptotic behaviors of self-avoiding walks seem
to have been ignored in the physics literature.)

It is not because the life is simple on gaskets that the gaskets are appealing, but because (as we will show
in this paper) we can formulate and prove with mathematical rigor that an appropriate renormalization
group formulation contains full imformation of asymptotic behaviors of self-avoiding walks. Since the
renormalization group analysis contains full information on asymptotic behaviors, the authors think that
it is too important not to analyze them with mathematical rigor and in generality (as we do in this paper).

1.2 Renormalization group approach.

General ‘philosophy’ of the renormalization group (RG) in physics (and the previous rigorous studies on
2SG and 3SG) suggest that a RG approach to the asymptotic behaviors of the self-avoiding paths on dSG
starts with splitting the analysis into two parts:

(i) Formulate the RG, a dynamical system on a ‘natural’ parameter space, and then derive nice properties
about the fixed points and the trajectories of the RG flows, such as uniqueness of certain fixed point
and convergence of critical trajectories.

(ii) Derive asymptotic behaviors of the self-avoiding paths from the properties of RG flows.

The RG is a dynamical system determined by a recursion map CI;, which will be defined in (10), on a
finite dimensional Eulidean space (the parameter space R%¢ defined in (3)). For general case of physical
interest, we should consider infinite dimensional parameter space, but the so called finite ramifiedness of
dSG implies that the RG in the present study is finite dimensional. The RG map is a response in the
parameter space to the ‘scale transformation’ (smoothing out or putting in finer structures to the paths)
on the space of paths. (The transformation suitable for paths on dSG is a decimation, which will be implicit
in the proof of Proposition 4.)

The quantities we need to extract from the RG map $ are the following.

(i) The largest eigenvalue A of the differential map of P at a self-avoiding fixed point & .



(ii) The critical point 3., which is the intersection point of the critical surface (the set of points from
which the trajectories of RG converge to the self-avoiding fixed point Z.) and the canonical curve
(the curve defined by (17)).

We give the precise definitions of A and 3, and also the assumptions on the RG map & at (FP1) - (FP4)
and (C'S1) in Section 3.1. (To state them rigorously, we need to prepare technically cumbersome definitions
in Section 2 starting from the definition of dSG.)

In this paper we will prove the following. Fix d = 2. For each k € Z, let N(k) be the number of k
step self-avoiding paths on dSG starting from the origin O, and let Ej[] be the expectation with respect
to the uniform distribution (averaging with equal weight) on such paths.

Theorem 1 (Theorem 10 and Theorem 11) If there exists a critical point 3. then
1
(i) lim — log N(k) = 3. .
k—oo k

1
log k

log A
log2*

(ii) klln;o log Ex[|w(k)|* %] =5, 520, where | -| denotes the Buclidean length and d,, =
The first result says that the connectivity constant of the self-avoiding paths on dSG is e’s. The second
result says that the exponent for mean square displacement is 1/d,,, which indicates that a typical k step
self-avoiding path w deviates from the starting point by |w(k)| ~ k*/%. (Since Theorem 11 holds for all
s 2 0, we have the exponent for all the moments as well as that for the mean square displacement, but we
will keep the good old terminology in this paper.) We will prove an additional statement on the correction
to the ‘leading terms’ N (k) ~ e’ and |w(k)| ~ k*/%. See Theorem 10 and Theorem 11 for details.

Possibly the notions such as fixed points and critical points are not new from the view point of philosophy
of RG. What is new here is that we propose a mathematically well-defined formulation (Section 3.1) which
are sufficient (Section 3.2) to prove asymptotic behaviors of self-avoiding walks on dSG with all d, giving
a mathematical evidence that the dynamics of RG contains information on the asymptotic behaviors of
stochastic processes.

As an application of the formulation, we prove in Section 5 that the assumptions on the RG map in
Section 3.1 are satisfied for the restricted model of self-avoiding paths on 4SG.

Theorem 2 (Theorem 31 and Theorem 33) The self-avoiding fized point Z. and the critical point
Beres 0f the restricted model on the 4 dimensional pre-Sierpiniski gasket (4SG) exists.
In particular, the number N,.s(k) of restricted self-avoiding paths of length k starting from 0 satisfies

. 1
Jim - 1og Nyea(k) = fe.res

log A
log 2

and the exponent for mean square displacement for the restricted model is d,, = = 1.6657696 - - -, in

the sense that

lim log Eres’kﬂw(k)\s‘i“’] =s, s20,

k—o0 log k
where Ercs 1, 15 the expectation with respect to the probability measure with equal weight on length k restricted
self-avoiding paths starting at O.
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2 Renormalization group.

2.1 Self-avoiding paths on the d-dimensional pre-Sierpinski gasket.

Let d = 2 be an integer. We define a d-dimensional pre-Sierpiriski gasket (pre-dSG) as follows. Consider a
d-simplex of a unit side length embedded in R?, and let Go = {vg,v1,va,---,v4} be the set of vertices of



the d-simplex, where vg = O = (0,0, --,0) is the origin of R%. (We may occasionally also write v ; = v;
t=1,---,d.) Let By = {(v;,v;) | 0 £ i < j £ d} be the set of non-ordered pairs of vertices, and we denote
the pair (G, Bo) by Fo .

We define a sequence F,, = (Gp, Bp), n=1,2,3,---, of finite pre-dSG inductively by

d d

Gni1r = J(Gn+2"0), Bopr = J(Bu +2"0), n=1,2,3,---, (1)
=0 =0

where we write A+v ={x+v |z € A} for a set A and a point v.
F,, is a d-simplex of side length 2™, composed of d + 1 copies of F,_1, with d + 1 outmost points being

Uno =0 and v,; =2"v;,1=1,2,3,---,d. G, is a collection of vertices in the copies of G,,_1, and B, is
a collection of bonds in the copies of B,,_1 .
We call - -
n=0 n=0

the d-dimensional pre-Sierpifiski gasket (pre-dSG). We identify (v,v’) € B with line segments vv’ whenever
it would be natural to do so.

Denote the set of non-negative integers by Z,, and for w : Z; — G, denote by L(w) € Z4 U{oc} (‘the
length of w’) the smallest integer satisfying

w(i) = w(L(w)), i2 L(w).

Define the set of self-avoiding paths Wy to be the set of maps w: Z; — G, such that

w(iy) # wlia), 0< i, <is < L(w),
w(@) —w(i +1)[ =1, 0=i< Llw)—1,
wiwi+1) eB,  0<i<L{w)—1.

2.2 Overview of technical definitions.

We need to prepare several basic definitions in Section 2.3, Section 2.4, and Section 2.5 before introducing
the main notions in Section 3.1. Here we will briefly explain the basic definitions.

Section 2.3. We first classify how a self-avoiding path intersects a unit d-simplex. A path which enters a
simplex moves within the simplex for at most d steps (because it may not hit the same vertex twice).
If a path takes i1 steps in the simplex and goes into an adjacent one, and never returns to the simplex,
we label the intersection of the path and the simplex by the index (i1,0,---,0). Alternatively, the
path may return to the simplex a number of times, and for each return the intersection may be
labelled by how many steps the path takes in the simplex. Thus if a path spends 3 steps for the first
intersection and 1 step for the second intersection with a simplex, then we label the intersection by
the index (1,3,0,---,0). (For our purpose we may identify (1,3,0,---,0) and (3,1,0,---,0); we are
free to rearrange a sequence in an index in the ascending order.) We denote the set of the indices by
Zg.
Each index corresponds to a component in the parameter space on which the RG map acts. Therefore
for each index I € Z;, we need a set of self-avoiding paths Wl(n) on G, labelled by I which has a
similar structure as the intersection of a path and a unit simplex labelled by I. For an index with
more than one non-zero entries, such as I = (1,3,0,---,0), the set Wl(n) is defined to be a set of
collection of self- and mutually-avoiding paths on G,. For example, W((f :)3’0’___’0) is a set of disjoint
pairs of self-avoiding paths on G,,, such that one path starts and ends at outmost vertices of G,,,
but hits no other outmost vertices, while the other path hits two outmost vertices other than the
endpoints.

Section 2.4. The RG in our study is the recursion map in n of the joint generating functions X, =

(Xn1(Z), I €Zy)ofsy, J €Iy, for WI(")7 where s is the number of unit simplices whose intersection
with the path is of type J.

A similarity of finite gaskets G, among different ns implies a recursion relation to hold for all n, and
this is our RG. In this way we arrive at a mathematically well-defined notion of ‘a response in the
parameter space of the scale transformation in the path space’.



Section 2.5. A study in 3SG shows [6] that in general there are more than one non-trivial fixed points
of the RG. Therefore we have to know which fixed point is relevant for the asymptotic behavior of
the self-avoiding paths. It turns out that the condition that the fixed point is in a certain invariant
set of the RG ensures our proof to work. To formulate the condition (see (FP4)), we introduce the
invariant set =Z.

We note that it would also be useful for intuitive understanding to look at the case of 3SG, which is
explicitly given in [6],

2.3 Classification of self-avoiding paths.

Denote by 7;, the family of all the translations of By that are subsets of B. Namely, 7;, contains all the
unit d-simplices which compose the pre-dSG. (with each simplex regarded as a collection of bonds). Put

Ty ={(ir,iz, -, ix) €ZE |k =1,2,3,--+, 0<ig Sip < -+ < iy, @)

i1 +io+-+ip+k<d+ 1},
and denote the number of elements of Z; by fq = #Z,4.
Proposition 3 Let w € Wy and A € Ty, and consider the set of bonds
A={wi)w(i+1) e Ali=0,1,2,---, L(w)}.

If A is not empty, then there exists I = (i1,i2, - ,ix) € Zg such that A is congruent to

Ap = {Ov1v2 - Viy 10i), Vi 11 Vi tins """ s Vig foig 1 £ 1" Vig +ovig I 5 (4)

where we used an abbreviation such as

01)11}2 e 1}1‘1,1’1)1‘1 = O’Ul, V1V2, VU3, ", ’UiI,lU“ .
Ezample. e 7o ={(1),(2)}: A +#0 is congruent to either {Ov1} or {Ovyuva}.
e 73 = {(1),(2),(3),(1,1)}: There is a possibility that a path enters a unit tetrahedron twice, as

{Ov1, 7373}
o I, = {(1)7 (2)7 (3)7 (4)7 (17 1), (17 2)}
Correspondingly, fo = 2, fs =4, f4 = 6. &

Proof of Proposition 3. If A # (), namely, if the path w enters the unit d-simplex specified by A, then A is
composed of one or more connected clusters. That is, w may pass through A and may come back and reenter
A. Since w is self-avoiding, the second passage does not intersect with the first one. Thus we can classify
A by the size of the connected segments. One may rearrange the segments in an increasing order of size,
hence each class is determined by an increasing finite sequence of positive integers, i1 < 19 i3 < -+ Sy,
for some k£ = 1. The meaning of the conditions in the definition of Z; should now be obvious. Since A is
a translation of By which is the set of bonds in the unit d-simplex Ovyivs - - - vq, the statement follows. O

In analogy with Proposition 3 we can classify the set of self-avoiding paths on F,, by Z;, and also
generalize to two or more self-avoiding paths.
For n € Z, and u,v € Gy, define W (%) by

W) — {1 € Wy | w(0) = u, w(L(w) v, (i) € Ga, i € Zs}.
For n € Zy and I = (i1,i2,---,ix) € Zg, define Wl(n) by

WI(") — {(wl’w% cee wk) c W(nyouvn,il) X W(nyvn,i1+17'U7L,i1+i2+1) X W(n,vn,il+i2+2,vn,i1+i2+i3+2)
X oeee X W(n71’7L,i1+i2+‘~+ik_1+k—171’n,i1+i2+~~+ik+k—1) |
if ¢ # j then w; and w; do not hit common points, and for each j

wj hits points Un i istij14j—15 Unjistigtetij_1+4ss Unyiztiotetij_1+j+1s
" Un,iy+igt-tij_1+i;+j—1, in this order,
but hits no other points in {v, ¢ | £=0,1,2,---,d}}.

Obviously, k is equal to the number of path segments that form an element in WI(") .



Example. For d = 4, there are f4 = 6 types of sets Wl(n) , which are

}: Set of paths from O to v, ;1 which do not hit vy, 2, Vp.3, Una.

}: Set of paths from O to v, 2 passing through v, ;1 which do not hit v, 3, v,.4.

}: Set of paths from O to v, 3 passing through v, 1 and vy, 2 in this order and avoiding vy, 4 .
}: Set of paths from O to v, 4 passing through vy, 1, vy 2, and v, 3 in this order.

{(1,1)}: Set of pair of (self- and mutually-avoiding) paths, one from O to v, 1 and the other from v, 2 to
Up,3 neither hitting v, 4.

{(1,2)}: Set of pair of paths, one from O to v,,; and the other from v, 2 to vy 4 via vy 3.

<

For w € U U Wl(n) denote by w the set of bonds which w passes. Namely, for n € Z, and
neZy 1€y
I = (1,42, - ,ix) € Zq, and for w = (wy,ws, -, wi) € Wl(n),
w={w;()w;(t+1)eB|i=0,1,2,---, L(w;) — 1, j=1,2,---, k}.
Also define S;(w), I € Zy, by,
Sr(w)={A €Ty | wNA is congruent to Ay of (4)}, (6)

and denote by sy(w) = §Sr(w), the cardinality of S;(w). sr(w) is the number of unit d-simplices in F' such
that the trajectory of the path (or the paths) w is congruent to Ay . It is a generalized notion of the length
of the path in the sense that

k

ZL(wz) = Z |J|SJ(w)’ w = (U)l,UJQ,---,U}k) € Wln)a I= (i17"'aik) EIda HEZ+, (7)
i=1 JELy

where, for J € Z; we define |.J|, the length of J, by

2.4 Parameter space and the renormalization group.

Assumptions of the main results are stated in terms of the flows of the associated renormalization group
(RG), which is a map (discrete-time dynamical system) in a parameter space of variables in the generating
function of generalized path length (s;, J € Z;). The dynamical system is derived as the response in the
parameter space to the change in n. A graphical property of dSG called finite ramifideness implies that
the RG is a finite dimensional dynamical system.

Define the generating function

X, =(Xng, I €Zy): Clo — e
of (sy, J €Zy) for a family of paths sets (Wl(n) , 1 €14, by,

Xoa@ = > J[ 7", #=(as, JeT)eC™ n=0,1,2,--. (9)
wew ™ J€La

The right hand side is a finite summation, so X, ; is defined on CcZa,
The starting point of our analysis is the following.

Proposition 4 X, = (Xn1, T €Zy),n=0,1,2,---, satisfy the following recursion relations.

—

Xo(%) =2, 7 e CLe,



and

— —

Xpy1=30X,, (10)

where B .
(I):((I)[, IGId)ZXl,

is a fq dimensional vector valued functzon whose components _are polynomials in fq variables with positive
integer coefficients. In particular, R is an invariant set 0f<I>

The degree of each term in the polynomials are no less than 2 and no greater than d + 1, and @1

contains terms x(1y? and x1)®*t .

Proof. Let n € Z4. Fy is composed of d + 1 d-simplices congruent to Fy. Similarly, Fj, 1 is composed of
d + 1 d-simplices F;, . The similarity of the two compositions leads to a natural map

T Wf(n—H) — Wl(l) , T el

For each X,41,r, classify the summation in the right hand side of (9) (with n + 1 in place of n) by
m(w) € WI(I) to find

Xn1,1(7) = Z H :L'j‘](w) = Z Z H x:s’]J(w)

’LUGWI(nJrl) JEL,y ’UJ’GWI(U weWI("Jrl); m(w)=w’ JELy
spr(w')
S IS T4 = % I @@ = xi(f. @),
w/EWI(l) 1I'eZy w”EWI(/n) JEL, w eWI(l) 1I'eZy

By definition (9), each term in ®; = X; ; has a form H x‘s"(w) hence its degree Z sy(w) is, by
JeTq JETLy
definition (6), the number of unit simplices in F; that a path w passes through. This is bounded from

above by the total number of unit simplices in F;, which is d + 1, and from below by 2, because any two
extreme (outmost) vertices of F} is apart by length 2.
Positivity of coefficients of X ; are obvious. Existence of terms :c%l) and :c‘(’lfgl in &1y = X (1) follows

from the paths Ovg 1v1,1 and Ovg,q(vo,qd + vo,d—1)(Vo,d—1 + vo,d—2) - - - (Vo2 + vo,1)v1,1 in W((ll)) . O

Large n means that the endpoints of the paths are far apart, hence it corresponds to large path length
L. Intuitively speaking Proposition 4 therefore gives a response to the change in the length scale of the
system in consideration, the sets of self-avoiding paths, in terms of the parameter space of variables in
the generating functions of sy, the generalized path length. Global properties of the trajectories of the
map @ therefore is expected to give (and we will show that it does) large length asymptotic behaviors of
self-avoiding paths on dSG.

In analogy to the (mathematically misleading) terminology in physics literature, we call the discrete-
time dynamical system on R% defined by the map (I;, the renormalization group (RG).

2.5 Invariant sets.

If there is a subset of R_{d which is an invariant set of the RG map CI;, then the recursion (10) is naturally
regarded as a recursion equation on the subset.

For I = (i1,--+,ix) and J = (41, -+, je) in Zy, denote by I @ J the rearrangement of i1, - - -, ig, j1, - -, je
in non-decreasing order, and define =; C Rid by

Eq= {7 € R |z15) S xyay forall I,J €I, suchthat I .J€ Iy} (11)

Ezample. 23 = {¥ € R_If | 2(11) = x%l)} , 2y ={T € R_Iﬁ | 211) = x%l), T(12) S T(1)T(2)} - <&

Proposition 5 Z; is an invariant set of .



Proof. Let I,J,I & J € Z;. Note that there is a natural one-to-one into map WI%)J — WI(I) X W}l) . For

w e WI%)J, let (wy,ws) € Wj(l) X ng) be the corresponding pair. Then, for each A € 73, w N A may be

regarded as a composition of w1 NA and s NA, hence if WwNA is congruent to Ay of (4) for some K € 7,

then there exists K1, Ko € I, (allowing an emptyset) such that K = K; @& K2 and such that @; N A,

i =1,2, is congruent to Ag,, i = 1,2, respectively. Note also that & € E;4 implies 2k, oK, < Tk, Tk, -
Therefore by definition (Proposition 4 and (9)),

Doy (F) = Z H z KW < Z Z H T, S (1) H Txe, 2 (2) = & (7)® 5 ().

’LUGWI(é;J KeZ, ’LU1€WI(1> w2€W§1> Ki1€Zy Ke€TZy
O
In the following, for K C Z;, we use a (somewhat irregular) notation
RY ={ZFeR¥ |z;=0, J¢K} C R (12)

We also write C* ¢ CZe, Zf - Zf_d, etc.
Define
Kres ={(1), (A1), (1---1)}. (13)

The indices in K5 correspond to those paths which go out of a simplex after single step passage each time
they enter the simplex.

Proposition 6 R’f s an invariant subset of ®.

Proof. This is proved by generalizing the arguments in the proof of [6, Proposition 2.1 (4)(5)]. O

3 Main results.

3.1 Fixed point and critical trajectory.

Based on experiences with dSG for d = 2, 3, 4, we define notions which are relevant for asymptotic behaviors
of selt-avoiding paths on dSG.
Denote the Jacobi matrix of ® in Proposition 4 by J = (Jrs):

0%,

j[](f) = 6—£J(l‘), 1,Jely, ¥e CZa, (14)

We say that Z. € Rid is a self-avoiding fixed point, if the following hold.

=

(FP1) &(i,) = ..

(FP2) J(#.) in (14) is diagonalizable by an invertible matrix. The eigenvalue A which is largest in absolute
value satisfies A > 1 with multiplicity 1, and all the other eigenvalues have absolute values strictly
less than 1.

Denote by o, = (vr,1, I € Zg) a left eigenvector of J (&) corresponding to A;

Z v 1Jr7(Ze) = Mg, J €Iy,
I1€Zy

which we chose to have non-negative components (possible, thanks to Frobenius’ theorem). Then
VL, J > 0, Jel,.

Similarly, denote by ¢r a right eigenvector corresponding to A with non-negative components;

Z Jri(Ze)vr, g =g, [€Iy.
JEL,y

Then VR,(1) > 0.



FP3) For all I € Z; such that x.; # 0, there exists m € sz, satisfying m(;y > 0 and my =0 if z. ; =0,
; + (1) ,

such that there is a term H z;™ in @y .
JEL,y

(FP4) Z. € Z4\ {0}.

Assume that there exists a self-avoiding fixed point Z.. We say that & € Rid is in the domain of
attraction of T., if the following hold.

(DA1) lim X, (%) = Z..

n—oo
(DA2) If wc 1 # 0 then z; #0.
We denote by Dom(Z.) the set of & € Rid which are in the domain of attraction of Z, .

Ezample. If Z. is a self-avoiding fixed point, then Z. € Dom(Z,.), i.e., a self-avoiding fixed point satisfies
(DA1) — (DA2).
O

Let K C Z, . Instead of (5), we may consider a set of walks W,(C"} by restricting to those paths in Wf(n)
which satisfy sy(w) = 0if J & K:

W = {we W | ss(w) =0, J &K} (15)

If K =174, then we are dealing with the original (full) model; WI(Z) ;= Wf(n). We define the corresponding
generating functions by

Xewd@ = > [, #=(as, JeK) €T, n=01,2,, [ €1,. (16)
wew() JEK

If Rf is an invariant subset of th, then X x.n satisfy (10), with a convention that the components
corresponding to J ¢ K are 0.
For K C Z; and 3 € R, define Zean x(8) = (Teanx,1(8), I € Zg) by

I Tek
xcan,K,I(ﬂ) = { g ’ I g IC’ (17)

where |I| is defined in (8). Following the notions in statistical mechanics, the partition function for a set
of self-avoiding paths specified by K is defined by Zx n, = (Zxn,1, I € Z4), with

ZIC,n,I(ﬁ) = Z eiﬁL(W)a ﬂ € ]Ra n= 0, ]-a 2, Tt (18)
weW,(gf}
With (7), we see that
Zie o, 1(B) = Xicn,1(Zean,ic(8))- (19)

In view of this relation, we will occasionally refer to the curve in the parameter space RZ¢ defined by (17)

as the ‘canonical curve’. . .
If K =7, we also use an abbreviation Zeq,(8) = Zean,z,(8) and Z,,(8) = Zz, »(5). Hence

Zn1(B) = Xn1(Fean(B)) = > e M BeR n=0,1,2,-. (20)
wew ™

In the following, the set of paths in (15) with I = ;.5 will be called the restricted self-avoiding paths,
the corresponding generating function (16), the generating function for the restricted model, and so on.
We need the following additional definitions for Theorem 10.

(CS1) We say that 3. € R is a critical point of the full model if Z.q, (8:) € Dom(Z.) for a self-avoiding fixed
point Z. .



(CS2) We say that (. res € R is a critical point of the restricted model if Zeqn k... (Beres) € Dom(Z,) for a
self-avoiding fixed point Z. .

Note that by definition (11),
fcan (ﬁc) S Eda and fCan,K7~es (ﬂc,res) S Ecl- (2]—)

Remark. (i) The boundary D of the set D C 2,4 defined in (31) is a bounded closed non-empty ®-
invariant subset of RZ¢ (which are easy consequences of Theorem 15). Hence, the fixed point theorem

implies that there exists a fixed point of ® which satisfies (FP1) and (FP4).

The other conditions on the self-avoiding fixed point (FP2) and (FP3) depend more on the details of
the self-avoiding paths on dSG. However, these conditions deal with conditions of Perron-Frobenius
type and irreducibility, which are ‘soft’ conditions, hence we expect them to hold. (These condi-
tions are used in the proofs of Proposition 12, Proposition 14, Proposition 17, Proposition 20, and
Lemma 22.)

(i) What may be more difficult is the condition (CS1), which states existence of a trajectory converging
to a fixed point. This essentially suggests that a bounded trajectory necessary converges to a fixed
pooint (at least in the domain Z;), that the renormalization group dynamical system is free of limit
cycles much less any chaotic behaviors. There are of course many discrete dynamical systems, even
on one-dimensional space, which exhibit chaotic behaviors, hence this condition is far from trivial.

On the other hand, it is proved in [5] and [6] that for d = 2 and d = 3, all the conditions (FP1) —
(FP4) and (CS1) are satisfied. We also prove in Section 5 that (FP1) — (FP4) and (CS2) are satisfied
for the restricted model on 4SG. Based on these results, we conjecture that these conditions are
satisfied (hence the results about the asymptotic behaviors of the self-avoiding walks hold) for all d.

&

3.2 Asymptotic behaviors.

Here we will state main consequences of assumptions on RG formulated in Section 3.1.
First we note the following characterization of a critical point j3. .

Theorem 7 If 8. € R is a critical point of the full model and Z. the corresponding fized point (implicit in
the definition (CS1)), then for I € I, ,

lim Z, 1(6) =

n—oo

{ 0, B>%,
Le,I ﬁ:ﬁc

Moreover,

d
Jim > 7,0 (8) =00, F<Be.
i=1
In particular, critical point (if exists) is unique.
Similar result holds also for the restricted model (CS2).

Since the critical point (if exists) is unique, there is one and only one self-avoiding fixed point that is related
by (CS1) to the critical point.

Though it is not trivial to prove the uniqueness of self-avoiding fixed point, we therefore can (and we
will, in the proof of Theorem 10) talk about the unique self-avoiding fixed point that is related to the
critical point, under the asumption that the critical point exists.

To state the next Theorem, we note a relation between 0 components of a fixed point and an invariant
subset of ®. In the known case of d = 2 and d = 3, the self-avoiding fixed points have 0 components. We

will write
Kz, = {I €1y | Te, T #* 0}, (22)

and, as in (12),
RY* = {#eR% |2, =0, J &Kz}

10



s Kz, . . . =
Proposition 8 R, is an invariant subset of ®.

Proof. If x.; = 0 then ®;(Z;) = .1 = 0. On the other hand ®; is a polynomial with positive coefficients.
Therefore, each term in ®;(Z) contains one of x;’s such that z. ; = 0. In other words, each term in ®;(Z)
contains x; such that J & Kz, .

Therefore, if Z € R’iic , then ®7(¥) = 0 for those I satisfying x.; = 0, or equivalently, I & Kz, . O

Remark. For d = 2 and d = 3, the results in [5] and [6] respectively proves (by explicit calculations) that
the self-avoiding fixed point Z. is unique and that K,es = Kz, . <

For I €Zy,n€Z,, and ¥ € IR_{”’ , define a probability measure iz, ; on the finite set WI(") by
fiz g [{w}] = H 2 wew™, (23)
JET,

whenever X, 1(Z) # 0.
Note that if z.; # 0 and & € Dom(Z.), then (DA1) implies that X, ;(Z) > 0 for sufficiently large n,
hence if & € Dom(Z.) then gz, ; is well defined.

Theorem 9 Let Z. be a self-avoiding fized point and & € Dom(Z.). Then the following hold.

(i) There exists fq X fq matriz A(Z) whose elements are non-negative such that

A@) = lim A\"7,(3), (24)

where T, is as in (14).

(i1) For I € Kz, , the joint distribution of scaled generalized path lengths (A™"sy, J € Kz,) under pz 1
converges weakly to a Borel probability measure py; ; on R%4 as n — oo. Here, \ is as in (FP2). D1
is supported on Rid.

The generating function ©7 = ¢% 1, as a function of (t;, J € Kz,), defined by

f} / et pzldg t e Cckee

is an entire function in t.
(iii) The set of functions ¢ = ¢z, I € Kz, , are uniquely determined by

*

0 ,
vt Gt (0) = Ary(@ ws, if 1T €Kz,

IC,I()DI At‘) = q)l(fc @»k(f)>7 fe (CK:EC7 Zf Ie Kfc )

(25)

where we define ¢y =0 for J & Kz, and in the variable for ® we used an (irregular) notation
5 (0)s = x5 ¢5(0), JE€La.

() If T € Dom(Z.) NEq and I € Kz, , then the distribution of A\™"L(w), the scaled length of w € Wln),
under iz 1 converges weakly to a Borel probability measure ﬁ},l , which has a C*° density ﬁ}J .

In particular, py 1y(§) >0, £> 0.

Remark. (i) If z.; = 0, then the right hand sides in (25) are 0 because of Proposition 8 and (24), hence
the equations in (25) are trivially correct for if I & Kz. .

(ii) Existence and positivity of density is used in the proof of Theorem 10.

11



We move on to the results on paths with step numbers fixed, instead of paths with endpoints fixed.
We denote the self-avoiding paths starting from origin O by W(©: W = {w € W, | w(0) = O}. Also,
we define, in analogy with (15), W,(CO) ={weWO |s;(w)=0, J¢K}, for KCZy.
For each k € Z_., let
N(k) =t{w e WO | L(w) = k}

be the number of self-avoiding paths of length k starting from O, and for I C Z4,
Nie(k) = t{w € W | L(w) = k}.

Theorem 10 If there exists a critical point 5. € R of the full model, then there exist positive constants
C;,i=1,2, and real constants C;, i = 3,4, such that

ClkcgeBCk § N(k) é 02k04666ka k= 1>233, .

Similarly, if there exists a critical point B res of the restricted model, then there exist positive constants
C!,i=1,2, and real constants C}, i = 3,4, such that

ClkCseloresk < N(k) < ChkCreleresk | =1,2,3,--..

For each positive integer k, let P, be a distribution on W defined by

P[A] = ﬁﬂ{w €cA|Lw) =k}, Acw®O.

The next result shows the existence of the exponent for mean square displacement, which indicates (in
a log ratio sense) that a typical self-avoiding path w of length L(w) = k deviates from the starting point
by |w(k)| < k'/% where
__log A
~log?2’

w (26)
Theorem 11 If there exists a critical point 5. € R of the full model, then there exist constants «, kg, C,
and C" such that

slogk — saloglogk + C < log Ey[lw(k)|* %] < slogk + saloglogk 4+ C’, k> ko, 52> 0,

where Ej, denotes expectation with respect to Py, and | - | denotes the (Buclidean) length in R®.
A similar result holds for the restricted model.

Remark. (i) The intuitive meaning of (26) is as follows. A is the asymptotic rate of increase of the number
of steps as n is increased. Since the size (scale) is increased by a factor 2 as n is increased by 1, the
log ratio of the number of steps to the distance scale is equal to the log ratio of A and 2. Though this
is a standard idea in the renormalization group approaches to asymptotic behaviors, our emphasis
here is on the precise mathematical statements and rigorous proofs that fit to such intuitive pictures.

(ii) As may be seen from the fact that A is defined in (FP2) as the largest eigenvalue of the differential
map of ® at Z, while 8. is defined in (CS1) as the intersection of the canonical curve and the
critical surface, these two quantities have no direct relations. In fact, in the common wisdom of the
renormalization group ideas, the exponent for mean square displacement is considered to be universal,
i.e., independent of details of the system, (in fact the full model and the restricted model have the
same \), while the connective constant depends on the details of the system (the full model and the
restricted model have different values of 3.). This is related to the fact that A is a solution to an
algebraic equation and can be calculated explicitly to arbitrary precision, while 3, has no such simple
algebraically closed formula and is difficult to calculate explicitly.

(iii) It may be worthwhile to note that the self-avoiding walks on hypercubic lattice Z™ in high dimensions
(n > 4) are proved to be in the same universality class as the random walks — i.e., they have similar
asymptotic behaviors — by the lace expansion methods [2, 3]. In a sense, the self-avoiding walks in
high dimensional spaces may be seen as (non-trivial) perturbations to the random walks.

However, it is also believed (and trivially true for n = 1!), that for n < 4 the asymptotic behaviors are
very different, hence the problem remains in lower dimensional spaces. We note that dSG are, from
the renormalization group point of view, spaces ‘between Z' and Z2’. We also point out that the

12



lace expansion method heavily uses translational invariance of Z™, while fractals lack the invariance.
In fact, the random walks and the self-avoiding walks are known to be in different universality classes
on 2SG and 3SG; the values of exponents for mean square displacement of the self-avoiding walks
and the random walks have no explicit simple relations [8].

O
4 Proofs.
4.1 Phase structure.
Here we will prove Theorem 7.
We first note some simple consequences of the definitions.
Proposition 12 Let Z. be a self-avoiding fized point and X be as in (FP2). Then 2 < X < d—+ 1.
Proof. Proposition 4 and (14) imply
20(5) < > J(@)as < (d+1)0r(F), FeRY; x>0,
JeTy
This, with (FP1) and (FP2), further implies
2 Z VL ITe, T < A Z VL, %e,g < (d+1) Z VLI Te,T
I1€Zy JELy I1€Zy
which implies the statement.
O
Note that if Z. is a self-avoiding fixed point then Proposition 4 and (FP1) imply
)Z"(fc) = fca ne Z-l—a (27)
For n € Z,, denote the Jacobi matrices of X, by JTn:
OXnr1 S
Tn,1a(F) = —=20(), 1,J €Ty, ¥ € C™. (28)
awj
In particular, we have, from (14), J; = J. Proposition 4 implies, with an aid of the chain rule,
Tn(&) = T(Xn-1(8)) - T (Xp2(@)) - T (X0 (@) - T (&), n €Ly, (29)
which further implies with (27),

Proposition 13 ®1)(Z) contains terms x;*, 1 < i < d,

Proof. This is proved by a similar graphical consideration as that in the proof of Proposition 4 that ®)(%)

contains a term z ;).
O

Proposition 14 If Z. is a self-avoiding fized point, then
(i) Tc,1y > 0. Namely, (1) € Kz, .
(i) v,y >0, I € Kz, , where Ur is as in (FP2).

Proof. (i) &. # 0, by (FP4). Hence there exists I € Z; such that z.; > 0. With (FP4), we further see
that there exists 1 <4 < d such that x. ;) > 0. Proposition 13 then implies that x. ;) = ®(1)(Z.) 2
z2 . >0.

¢, (@)
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(ii) (FP3)and I € Kz, imply J(Z¢)7,(1) > 0. With (FP2), this further implies vg,; =
0.

1.
Xj(xc)l,(l) VR (1) >

|

Let

D ={Ze€E;| sup max X,, ;(¥) < oo}, (31)
= Icly

and denote its exterior, boundary, interior in Z4 by D¢, 9D, and D?, respectively. (Namely, D¢ = Z4 \ D,
0D =DnN D¢, D°=D\3JD.) Let also

D={Z€Ey| lim max X, ;(Z) = 0}.

n—oo [€Zy
Theorem 15 (i) It holds that
={Z € Ey| sup max X, ;(¥) < 1}. (32)
neZ, I€Z,

In particular, D is a closed subset of =4.
W) Let T € D and @ € Zq. If, for each I € Iy either 2, < 1 or 2/, = x; = 0 holds, then @ € D.
I I
(#ii) It holds that R
D°=D (33)
(iv) D¢, 0D, and D° are non-empty invariant sets of 3.

Remark. Note that this theorem holds independently of the notion of self-avoiding fixed points and critical
points. &

Proof. (i) Denote the right hand side of (32) by D’. Obviously D’ C D. To prove D' C D¢ (in Zy ),
let £ € D' C E4. Then the definition of D’ implies that there exists n € Z, and I € Z4 such that
Xn,1(%) > 1, and the definition of =4 therefore implies X, (;(#) > 1 for some 1 < ¢ < d. Then
Proposition 13 implies X, 1 (1)(Z) > 1, which, with Prop031t10n 4, further implies

Hence D' C D°.
/
(ii) The case @’ = 0 is trivial. For # and @’ in RZ*\ {0}, let 7 = max I Since Oy, 1 €7y, are

I€Zq; x1#0 X
polynomials with positive coefficients and each term of degree no less than 2 (Proposition 4), we have
max ®@7(7') £ r? max ®;(Z) if 0 < r < 1. By induction, maxXnI( ")y < r? maXXnJ(f), neZy If
1€y 1€y Ie 1€,

fe D\ {0} and & € Z4, and if for each I € Zg either 27 < xy or 7 = x7 = 0 holds, then 0 = r < 1.
Since {X,, 1(Z)} is bounded, we have &’ € D.

(iii) For € > 0let D, = {f € £y | Z xr < €}. Since @y is a polynomial with each term of order no less

IeZy
than 2 (Proposition 4), there exists a constant M > 0 such that

Z(I)I <M€Zx1, reD., 0<e<l.
IeZ,y I1€Zy

Let e = LM A % . Then by induction in n with

Z Xn_;,_l,j(f) = Z ¢I(Xn(f))7

IeZ,y I1€Zy
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we have, for ¥ € D, , Xn(f) € D., n € Zy. Then we further have

o | "
D Xogrr(#) £ Me Y X, (%) < 3 > Xoi(@), nely,
I1€Zy I1€Zy IeZ,y

which implies Z € D. Hence D. C D for € = ﬁ A % . On the other hand, the definition of D implies
that if £ € D then Xn(f) € D, for sufficiently large n. X, is a continuous function and D, is an open
set, hence there exists an open neighborhood U of & such that Xn(U) C D.. Hence U C~D. This
implies that D is an open subset of D. Since D° is the largest open set of D, this implies D C D°.

To prove D D D°, assume @ € D°. Since D° is an open set, there exists ¥ € D° such that < uzy,
I € Ty. Then, the above claim imples ' € D.

(iv) By (33), (32), and (34), we see that D, D°, and D¢ are invariant sets of ®. Since D = D, 9D also
is invariant. Obviously, & with small enough components is in D° and that with sufficiently large
components is in D¢, hence the boundary 9D is also non-empty.

O

Proof of Theorem 7. The case 8 = 3. holds by the definition (CS1).

By the definitions (CS1) and (FP4), lim X, (Zean(3.)) = Z. # 0, which, with (31) and (33), implies
Zean(fe) € OD. Monotonicity property in Theorem 15 then implies Zo,(8) € D if 3 > S, hence, in
particular, lim Z,(8) =0.

Finally, if 8 < 8. and Zean(B8) € D = D, then the monotonicity property in Theorem 15 implies
Zean(Be) € D = D°, which contradicts Zean(B:) € OD. Hence Tean(8) € D¢ and in particular, with the
d

same argument as that led to (34), we have lim Z Zp(i)(B) = 0.

n—o0 4
i=1

The case of restricted model is similarly proved, if we note (CS2) in place of (CS1).

We will use the following in the proof of Theorem 10.

Proposition 16 If ¥ € D° then lim max2 "log X,, ;(¥) < 0.

n—oo I€Zy

Proof. Write Y,, = max log X1, n € Zy. Since ®; are polynomials of positive coefficients with each term
€la

of degree no less than 2 (Proposition 4), there exists a polynomial P; with positive coefficients such that
Vi1 (Z) £ 2Y, (%) + log Pr(exp(Yn (7)), n € Zy, ¥ € R

If Z € D°, Theorem 15 implies that X,,(Z) € D°, n € Z,. Hence, {X,(Z) | n € Z,} is bounded, and
there exists M € R, a constant in n, such that

In particular, 27"(Y,, (%) + M) is decreasing, hence

lim 27"(Y, (%) + M) £ 27" (Y,,, (Z) + M), no € Zy.
Also Z € D° implies

lim Y, (%) = —c0.
n—oo

Hence L L
lim 27"Y, (%) = lim 27"(Y,(Z) + M) <0,

n—00 n—00

which implies the statement.
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4.2 Distribution of path length.

Here we will prove Theorem 9.

Proposition 17 Let &, be a self-avoiding fized point and & € Dom(Z.) then there exists fq X fq matrix
A(Z) such that (24) holds. The elements of the matriz are non-negative, and

A(f)l,(l) >0, I€ Kfo . (36)

Proof. First note that (FP2) and (30) imply an existence of the limit in (24) for ¥ = Z. .
Next recall the following two results.

Lemma 18 ([6, Lemma 4.2], [5, Lemma (3.1)]) Let N be a positive integer, and A and A,,, n € N, be
N x N matrices. Assume that there is an invertible N x N matriz Q such that Q ' AQ is a diagonal matriz
o0

whose eigenvalue A that is largest in absolute value, is positive. Assume further that Z |4, — A < 0.
n=1
Then there exists a matriz R such that

lim Tim H)\_nAn-i-mAn-i-m—l o Apyr — RH =0.

m—00 N—00

Q7 'RQ is a diagonal matriz whose diagonal elements satisfy (Q 'RQ)i; = 1 if (Q71AQ):u = A, and
(Q7RQ);i = 0 otherwise. Moreover im A\ ™A, A, _1---A; exists.

n—oo
(|A]| is the standard operator norm defined as the square root of largest eigenvalue of A*A.)

Lemma 19 ([6, Proposition 3.8]) If Z. is a self-avoiding fixed point and & € Dom(Z.), then there exist
positive constants p and C, satisfying p < 1, such that

| Xn1(Z) —wer| S Cp", nely, I€ly.

Remark. (i) The proof in [6, Proposition 3.8] is for d = 3, but the proof is directly applicable to general
cases. In fact, the proof is an application of a general theory for diffeomorphisms [10].

(ii) Though we do not use this, the proof in [6, Proposition 3.8] implies that Lemma 19 holds for any p
satisfying
max{\~!, [ Aa|} < p <1,

where Ag is the eigenvalue of J(Z.) which is second largest in absolute value.
&

Let us proceed with the proof of existence of the limit in Proposition 17. By the mean-value theorem,

T (@) — Ty (Z.) = Z

(@) (rx —xex), I,J E€Z4. (37)

where @ = T, + (T — Z.)0 for some 6 € (0, 1).
Since & € Dom(Z.), X, (Z) is in a neghborhood of Z. for sufficiently large m. Therefore X,, (%) is in a
bounded domain. In particular, there exists a positive constant M such that

0Jrs , .

()| < M, ILJJKely, ii=%+ (Xn(®)—T)0, 0<0<1, meN.
TK

This with (37) and Lemma 19 implies

|7(En@) - 7@ < c'pm, m ez,

for some C’ > 0 and 0 < p < 1. Therefore we see that the assumptions in Lemma 18 are satisfied with
An = T (X(@)) (38)

and A = J(Z.). Hence, the limit (24) exists.
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To prove (36), let 4 be an index satisfying (Q~'AQ);; = A. Then the column i of the matrix @ in
Lemma 18, applied to the present case, can be chosen to be proportional to the right eigenvector vr of
A = J(Z.) in (FP2). Similarly, the row i of matrix Q~!, applied to the present case, can be chosen to be
the left eigenvector oy, in (FP2). Therefore Lemma 18 implies that if vg ; > 0 then for sufficiently large
m, lim A""ApimAngm—1- Ami1 for A, given by (38) has positive (I,.J) element for all J € Z;, in

particular, for J = (1). Also, since ®(q(&) contains a term z1)* (Proposition 4), A, has positive ((1), (1))
element, which further implies that A,,A,,—1 ---A; has positive ((1), (1)) element. Finally, we know from
Proposition 14 that vg ;> 0 for I € Kz, . Hence (36) holds.

a

For Z = (x1, I € Zg) € C* and t = (t;, I € Z,) € C*7, we use an (irregular) notation
If_} .I] eXp "t [), I GId). (39)

Proposition 20 If ¥ € Dom(Z.) then X, (Z()) converges uniformly in t € CT¢ for any compact subset of
C%e. Furthermore,

(1) If I € Iy satisfies xe,r =0 (i.e., if I € Kz, ), then
lim X, ;(#()) =0, teCk.

n—oo

(i1) Define ¢* = @5 = (¢, I € Za) by

({) = xCI nh—>n;o XnI (t_})’ FG (CIda ZfI c ’Cfca

Then G* is entire and satisfies
LL‘C]QDI )\t_) q)] i _'* If_} FG (CId, lel,.

where, the notation of the variable for ®; is as in Theorem 9. It also holds that

0 R
ror BL@) = 2y Ay (2), 1,0 €T,
ot

where A is defined in (24).

Proof. For Z e CL¢, define

21 = Y vrrlal,

IeZ,y

where vr, 5 is as in (FP2). It is easy to see that (FP2) implies that | - |, is a norm. (Note that vy r > 0,
I € 7, , implies uniqueness, i.e., that |a|, = 0 implies a =0.)
Using non-negativity of elements of J, we have

(T(@) D1l £ > T@Ee)rslzal, T€TLa.
JEL,y

Hence
|7 (Ze) 2« £ N7, ZeC, (40)

We now see that Proposition 20 is a consequence of the following, which is proved in the proof of [6,
Proposition 4.4].

Lemma 21 Let p € N, and let H™ : CP — CP, n € N, be a sequence of polynomials with positive
coefficients, and each term with degree 2 or larger, which satisfies a recursion relation

HH) = gO o g™ peN. (41)
Let 9OHW be the Jacobi matriz of HW :

oH"

(1) _

(Z)7 iajela"'apa z € CP.
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Assume that a € R]i is a fized point of HY) | and that there exists a norm ||« on CP and \ > 1 such that
|0HW (a)z|, £ Nz|., ze€CP, (42)

and that x € RY is a point for which there exist positive constants p and C, satisfying p < 1, such that

B (2) —ai| £Cp", i=1,---,p, n €Ly, (43)
and for which the limit
A(z) = lim A™"0H™ (z) (44)
n—oo
exists.
Then there exists an entire function H* = (Hy,---,H,): C” — C” such that
nhigo H™ (21 exp(A™"t1), -, 2 exp(A"L,)) = H* (1),
uniformly int = (t1,---,tp) on any compact set of CP.
H* satisfies
H*(\t) = HY(H*(t)), teCP,
and
OH}

J

Furthermore, if a; = 0 for some i € {1,---,p}, then H*(t) =0.

Remark. The proof of [6, Proposition 4.4] is for 3SG, but the proof is valid for the general case of Lemma 21.
In the proof of [6, Proposition 4.4], [6, Theorem 3.5] is referred to, which should be replaced, in the proof
of Lemma 21, by lim H (”)(x) = a, which is a consequence of the assumption (43). Similarly, Proposition

3.8, Proposition 4.3, and (4.4) in [6] are replaced by (43), (44), and (41), respectively.
&

To apply Lemma 21 to the proof of Proposition 20, we only need to note that Proposition 4, (40),
Lemma 19, and Proposition 17, correspond to (41), (42), (43), and (44), respectively.
O

Proof of Theorem 9. Assume that x.; # 0 and & € Dom(Z,) .
Denote by pzn.1, the joint distribution of (A\™"sy, J € Zy) under pz, . Its generating function is
expressed, with the definitions (9) and (23), as

/OOO et_"_‘pfn’[[déj — w7 Fe T, (45)

where the notation Z() is as in (39). Since the probability measure in question is a measure on a finite set,
the integration over 5 in (45) is actually a finite summation, hence the quantity is defined for all complex
t.

Using Proposition 20 and (DA1) in (45), we see that the right hand side of (45) converges to ¢7( (t) =
oz 1( f) of Proposition 20, uniformly in # on compact sets. Hence Din,1 converges weakly to a probability
measure py ; whose generating function is ¢7( (t).

We therefore see that the claims in Theorem 9, except those on the existence and positivity of the
density of p (1), are direct consequences of Proposition 17 and Proposition 20. That (25) determines &*
follows from the fact that its Taylor coefficients are determined recursively by (25). (Note that ®; is a
polynomial with each term having degree 2 or larger. Hence when comparing the coefficients of ¢V in both
hand sides of (25), the right hand side contains coefficients for lower order than N, hence the coefficients
of F* is determined inductively in N.)

To prove that ]5}7 ; has a C°° density, we prepare the following.
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Denote by pzn.1, the distribution of A™"L under pz,, ;. Its generating function is, from (7) and (45),

® e Xu(E)
/0 € pa;,n,[[dg] Xn,I(-f) ) te (Ca (46)

where &= (e, J € Zy) is given by
ey =|J|. (47)

According to what has been proved below (45), (46) converges to an entire function
91(t) = 9z.1(t) = ¥ (te) (48)

uniformly in ¢ on compact sets of R, and pz, ; converges weakly to a probability measure p;; whose
generating function is gy .
Proposition 20 also implies that

d
Te,1 (jtf (0) = zcr / P rlde) = > esxy Ary(D), T€1y, (49)
0 JELy
and
:L'C’[g[()\t) = q)](fcg(t)), el teC, (50)

where, the notation of the variable for ®; is as in Theorem 9, and we also defined

g;=0, ifz.;=0.
Lemma 22 (i) M; = M;(Z / Epz 1[dE] > IeKz , Ze€ZgNDom(Z.).

i) If € 24N Dom(T.) and I € Kz_ then pk ; is not concentrated on a single point (i.e., has non-zero
c z,I
variance). Namely,

Vi = Vi(@) = / (€ = My(%))°p%,[de] > 0, I€Kz., ¥ € ZqnDom(z.).
0

(iii) If £ € EqNDom(Z.) then there exist positive constants Cy1 and Co such that

[Dax l91(vV=11)| £ Cyexp(=Cht]"/ ™), tER,

where dy, is as in (26).
Proof. (i) Using (49) we have
o0 x .
/ Epz [d€] = 6(1)ﬂ Ary(@) >0,
0 L, I
where we used (47) for ey > 0, ¥ € 24 N Dom(Z.) for x(1) > 0, and (36) for A;qy(Z) > 0.

(ii) By definition (Proposition 4 and (9)), we have

Z b]’m H l‘(]mj, fECId, IGId,

mezf—d JELy

where
brm = t{we W |5w)=m}, eI, mez.
Then (50) implies
Te1g1(Mt) = ©(. §(t Z Crm [] o)™, teC, (51)

m€Z+ JELy
where we wrote

m
Crom=brm |] =

JELy
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(iii)

Now assume that pz is concentrated on a single point for some I € Kz . Then its generating
function is
gr(t) = Mt (52)

Differentiating (51) by ¢ up to twice, putting ¢t = 0, and using (52) on the left hand side, we obtain
equations, which eventually lead to

(0 §) ZCI,WL()‘MI - ZmJMJ)2 = _ZCLmZmJVJ.
m J m J

Since Cr.m, mj, and Vy are non-negative, it follows that V; = 0 for all J € Z; such that there exists
m € Zf_d satisfying my > 0 and mg = 0 if K ¢ Kz, . In other words, V; = 0 for all J € Z; such that
®;(Z) has a term which contains a positive power of z; and composed of those zx with K € Kz, .
With (FP3) we see that J = (1) has such property for all I € Kz, . Hence V{;) = 0, and pz ) is
concentrated on a single point.

The arguments after (52) can now be repeated with I = (1). Using also (FP3) again, we eventually
see that (51) implies

Ze,(1) eXp()\M(l) t) = Z C(l),m exp( Z Mymyt), tecC.

mezfic JeKz,

But ®(;y is a polynomial, hence the right hand side is actually a finite summation with positive
coefficients, so this can hold only if

for all m such that C(y),, > 0. Proposition 4 implies that C(y),, > 0 for m such that;

(a) may=2and my =0, J # (1),
(b) may=d+1and m; =0, J # (1).

Therefore 2M(;y = (d + 1)M(y), hence My = 0 for d = 2, which is a contradiction, because
Proposition 14 implies (1) € Kz, , which, with the preceding result, implies M) > 0.

This proves that if I € Kz, and & € Dom(Z.) N Eq, then pz s is not concentrated on a single point.

The preceeding result implies, by a standard argument relating positivity of variances and the absolute
values of characteristic functions, that there exists a > 0 such that

logr(vV—1t)| <1, —a<t<a, t#0, [ €Kz, .

Since characteristic functions are continuous, this further implies that there exist @’ > 0 and 0 < C <
1 such that

Slt|sd, teR, I ey, . (53)

/
(VIS0

Also (51) and (FP1) and the fact that each term in ®; has degree 2 or more (Proposition 4) imply
(together with the fact that absolute values of characteristic functions are no greater than 1),

_ < _ 2
Juax lgr(vV—=1X1)| = pax lgr(V=1t)[7, teR.
This and (53) imply
l91(V=10)| £ Crexp(~Ch|t]/ ™), tER, I €Kz,

for some positive constants C; and Cs .

This completes a proof of Lemma 22.
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The last statement in Lemma 22 implies (through the inversion formula and the convergence of

/ t"gr(vV—1t)dt, t =1,2,3,- ) the existence of C*° density p 1) of p% (1) -

— 00

(o]
To prove the positivity of pZ% (1) substitute g)(t) = / et ok (1)(5) d¢ in (50), to find
s 0 .

A% 1y (ANTHE) = e () (P51 ¥P3, (1)) () e, (1) (B, (1) 7%, (1) %+ - ~*Px, (1) (€)+ mon-negative terms, & =0,

where the operation x denotes convolution, and we also used Proposition 4. Note first that since ﬁ;(l) is
continuous and My > 0, there is a §o > 0 for which ﬁ%,(l)(f) > 0 in a neighborhood of &y . Furthermore,
the above relation implies that if ﬁ;(l) is positive in a neighborhood of &;,&; = 0, then it also is in a
neighborhood of A\=1(&; + &). With Proposition 12 and the continuity of ﬁ:?,u)a we therefore see that
ﬁ%,u) is positive in a neighborhood of 0. The above relation also implies that if ﬁ:?,u) is positive in a
neighborhood of &1,&s,-++,&441 = 0, then it also is in a neighborhood of A™1(&; + & + -+ + £441). With
Proposition 12, we inductively see that /3;%,(1) is positive on (0, 00).
This completes a proof of Theorem 9.

4.3 Exponent for mean square displacement.

Here we prove Theorem 10 and Theorem 11. Since the proofs are similar for the full model and the
restricted model, we will concentrate on the full model.

We introduce the following notation which we use throughout this section.

Define v: W© — 7Z, U{cc} by

v(w) =min{n € Zy U {oo} |w(k) € Gn, k=0,1,2,---, L(w)}, we W, (54)
Note the obvious relation
vl < L(w) £ d(d+1)*™, we WO, (55)

(The second inequality is because there are (d 4+ 1)™ unit simplices in F,,, and within each unit simplex a
self-avoiding walk can spend at most d steps.)
For w € W let ||lw| = max{|w(k)| | k =0,1,2,---, L(w)}, where | - | denotes the (Euclidean) length
in R? O F. By definition,
2 =1 <] < 2v (), (56)
(To see this, note that by definition of v(w), w is contained in the ball of radius 2¥(*) centered at O, but
not in the ball of radius 2¥(*)=1))

4.3.1 Tauberian type estimates and number of paths.

Here we prove Theorem 10 for the full model.
Let A be as before, . be a critical point of the full model, and Zeqn(8:) = Zean,z,(8c) be as in (17).

1

2me,

Proposition 23 Define, for b >0, n € Z;, £ € R, ¢, = bA"/n and h,(§) = e~/ Then

for sufficiently large b it holds that

nlif;o(ﬁfmn(ﬁc),n,I * hn)(€) = Pz, 5..08): €Kz,

uniformly in £ € R, where

(P * ) (€) = / (€ = 1) P 1 ()

R
is a convolution.
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Proof. Forn € Z and I € Zy, denote the characteristic function of (pz._,.(8.),n,1 * n)(§) d§ by ¢n.r. Then

2,2
1 (2) = /eﬁ&(ﬁfmwc),n,l #hn)(€) dE = Pz, (5 m (D)™ 72, (57)
where, using (17), (19), (47), (39) in (46), we find

Zn,I (ﬁc - \/__1)‘_nt)

P ean(Be)m I (1) = 7100 , teC.
According to what is proved for (48), we have
Tim @, (80) 1 () = Gzean(80).1 (F), (58)

uniformly in ¢ on compact sets. Let A = {t € C | Imt > 0, A~ < |t| £ 1}. Then Lemma 22 and (CS1)
implies sup |gz,,,.(s.),1(V—1t)| < 1 for I € Kz, . With (CS1) we therefore see that for sufficiently small
teA

positive € > 0 there exists an integer ny such that

|Zn,[(ﬂcf\/ 71)\7nt)| = Zn,I(ﬁC)‘@fcan(ﬁc),n,f(t” < Te,1 —E, Ie Kfc ,m=mny,n1+1,---, Ie Kfc , T € A.
(59)
Define & = (z; I € Z4) by

I/ o Le, I — €, Ie Kfc 5

I~ 0 I¢Kz, .
Then &’ € D°\ {0} by Theorem 15. Since D° is an open set in =g, there exists 6 > 0 such that if we define

7' = (af; I €Zy) by
2 = Le, I — € Ie K:i‘c )
L ) I¢Ks,,

then &’ € D°. Also, by the definition of Kz and (CS1), there exists ng = ny such that
| Zn1(Be = V—=1IN"T")| = Zp1(Bc) <0, &Kz ,n=mnono+1,---, teR. (60)

Proposition 16, (59), and (60) then imply, with &7 € D°, that there exists positive constants C; and Cs
such that

| Zmtn,1(Be = V=1IA""t)| = |Xm,I(Zn(ﬁc —V=1IAT"| = Xm,l(f”) < 016_0227"’ (61)
meZy, n=np,ng+1,---, I €Iy teA

log |t
Let n be an integer satisfying n > ng, and t be a real satisfying [¢| € [1, \"""071) and m = 10g |)\|] +1,
0og

where [z] is the largest integer not exceeding x. Then n —m = ng and A=t € A. Hence (61) and (57)
imply

|¢n I(t)| < |Zm+”—m,l(ﬁc - \/—_1)\—(n—m) ()\_mt))‘

Zn,I(ﬂc)
n>ng, I €1y, |t| € [17)\n_n0_1).

Ch 6_022771 § Ch 6_02‘”1/410

Zn,I(ﬂc) Zn,[(ﬂc) ’

A

On the other hand, we have lim Z, ;(3:) = zc,r, and lim ¢, 1(t) = gz..,(s.),1(t), t € R, by (58). Hence
n—oo n—oo

the dominated convergence theorem implies

lim / X(ernrot oty (Dnr(8) — gz ora (O] dt = 0,1 € Kz |
R

n—oo

where x4 denotes the indicator function of a set A.
On the other hand,

S
2,2
/ |X[,)\n—n0—17)\n—n0—1](t>¢n7l(t) — Qﬁn,I(t)‘ dt é 2/ eicnt /2 dt
R 00 An—ng—1
. 2 —2ng—
é 2/ 1te—cit2/2 di = b2ne—n(b2/\ 2n0=2/2_2log \) — 0, n— oo,
An—no—
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for sufficiently large b. Therefore

lim [ |¢n,1(t) = 9z,.,.(8.),1(t)|dt =0.
R

n—oo

Using the inversion formula we therefore have

sup |(Pean (Be)nt * Pn)(€) = Pz, (5,1 ()] = /]R eV 0 1 (1) = Pronn (1 (D) dE — 0, n— oo,

We will use the following in Section 4.3.2.

Corollary 24 (i) There exists positive constants Cy and Cy such that

Zm-l-n,I(ﬁc + )\7”) § 0167022m, m,n € Z+, l1el,.

(1i) There exists a positive constant C such that
Zn,l(ﬁc_)\_n)§0, TLEZ+, lely.

Proof. (i) Since Zean(B. + A7) € D° N E, for ¢t > 0, we may use Proposition 16 in a similar way as in
the proof of (61) to prove the first claim.

(ii) The second claim is a direct consequence of Proposition 20 for i = & (defined in (47)), combined with
(19).
a

Proof of Theorem 10. To prove the upper bound, define

Cn = Z e Pl pez,. (62)
weW ) y(w)Sn

Then a consideration similar to that in the proof of Proposition 4 proves that there exists a polynomial
f1: R%e — R with positive coefficients, of maximal degree d + 1, satisfying f1(0) = 1, such that

—

CnJrl § fl(Zn(ﬁc))Cna nec Z+- (63)

The assumption (CS1) implies that Zn(ﬁc) is bounded, hence there exist positive constants A; and A = 1
such that
Cn S A1AY, neZy. (64)

L > 2""! in (55) therefore implies

e PFN (k) < Z e Pl < (g, k1 S A1Ag K082 42,
weW (9); L(w)<k

which proves the upper bound.
To prove the lower bound, let b > 0 be a constant such that the bound in Proposition 23 holds, and let

dn, = v/2nlogAc, = \/2logAbn A™", n € Z,. Then Proposition 23 implies

lim sup |/ hn(€ =) Dz ean (Be) (1) (AN) — PE.. (50,1 (6)]
[é_dnaf“l‘dn]

n—oo £ER

< lim sup P (§ = 1) Pz (B),m,(1) (A1)
N7O0LER JR\[E—dp,E+dn]

< lim hp(dy) = lim =
n— oo n— oo 27rb2n
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With the positivity of ﬁ;%can (8).(1) (Theorem 9), this implies that there exists an integer no and a positive
constant € such that

Pvan ()i (1)([§ = dns E+dn]) Z cne, mZ g, E€ AL

Let k be a positive integer, and let n be a positive integer satisfying A~k € [1,\). Assume that k is
sufficiently large so that n > ny and d, £1 — A~!. Then

ﬁfcan(ﬁc)yn’(l)([/\ink — 2d,, Aink’]) Z Cn€.

Note that we can construct an injection {w € W((S) | L(w) £k} — {w e W | L(w) = k} by extending
the path. Hence

Zy,(1)(Be)cne = Z e BeL(w) < eQﬁcd")‘ne*ﬁ“kN(k).

weW((I")); k—2d, An<L(w)<k

log k
Note that A™"k = 1 implies n < %, which further implies
o

dp A" £ /2/log Ablog k.

Since n = 1 for sufficiently large k, A=k = 1 also implies ¢,, = bk~!. Hence (for sufficiently large k),
N(k) 2 eﬁCkk7172bﬁc 2/ log)\Zn,(l)(ﬁc)bea

which implies the lower bound.

4.3.2 Large deviation type estimates on long paths and short paths.

Define, for n,m € Z,

Unm = Z e~ Pel(w) and Vam = Z e Pel(w),
weW([)); weWm);
v(w)=n, v(w)=n+1,
L(w)ZAn+m/2) L(w)SAn—m

Proposition 25 There exist positive constants C' and C" such that

Upm < C'Age_c//)‘mm, and Vym < C’Age—C”Q’", n,m € Zy,
where Ag is as in (64).
A=V

Proof. Let C" be a positive constant satisfying C” <

d+1
To prove the bound for Uy, , , define
Sn,m,I = Z e_ﬂCL(w); nmeZy, I €1y.
’UJGWI("), L(w)ZC”An+(m/2)
Then, in a similar way as deriving (63), we find
Un+1 m < fl(Zn(ﬂc))Un m+1 + Z Sn m,I %(Zn(ﬂc)) Cn ) n,m € ZJr'
T ' T Oz

IEId

This with (64) implies that there exists C; > 0 such that

—n—1 —
AQ " Un+1,m é AQ nUn,erl + Cl § Sn,m,I 5 n,m e ZJr-
IEId
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Note that L(w) < d(d + 1)) in (55) implies

Un,m =0, )\n+(m/2) > d(d + 1)”,

which holds if
2logd

log A

m > + 2an,

log(d + 1)

where we wrote o =
log A

— 1. (Note that Proposition 12 implies & > 0.) Therefore, if we write

20‘n*m+ 2logd
2041  (2a+1)log\|’

ko(n,m) = [

then

ko(n,m)

Un,m § ClAg Z Z Sn—k—1,7rz+k,I , n,me Z-i-' (65)
k=0 IeI,

On the other hand,

_ “A"™L _Cl/Am/Z _ _C//)\m/Q
Sn,m,] § § € (Be ) (w)e § Zn,I(ﬁc —-A n)e
’LUEWI(H), L(w)=C" An+(m/2)
< —C”AW/Q
< Ce , nomeZy, I €y,

for a positive constant C, where we used Corollary 24. This and (65) imply

o0

7C”A(m+k)/2

Un,m § CClﬁId Ag Z e :
k=0

Note that there exists a constant kg such that
A(m+k)/2 > A(m—ko)/2 | )\(kfko)/{ m,k e Z,.
(This is because
)\(m+k)/2 o ()\m/27k0 4 )\k/Q*k‘o) _ ()\777,/2 _ Afko/Q)(Ak/Q o )\ka/2) o )\71{20

is increasing in m and k, hence it is sufficient to choose ko such that 1 > 2\=*0/2)) Therefore there exists
a positive constant C’ such that

o0
_ !\ (k—kqg)/2 _ ! y(m—kqg)/2 _ i ym/2
Unm < CC1HTy Y e Ane= "X SC'ARe AT nom e 7.
k=0

To prove the bound for V;, ,,, , define

- cL .
Tn,m,] = Z e p (w)7 n,m e Z+, m é n, I €1y,
weW ™, L(w)<An—m

and write T‘nym = (Thm.1, I €Zg). Then, again in a similar way as deriving (63), we find
Vn,m é (fl (fn,m) - 1>Cn = (fl (fn,m) - fl (6»(:71

On the other hand, the condition L(w) =< A"™™ in the definition of T}, ,,, 1 implies

Tomi S Y. e GO Z ez (5, 4 A7),
wGWI(")

With Corollary 24 and (63) we have the statement.
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Proposition 26 For sufficiently large positive constant o, it holds that

lim (log k)**k—*E[|w]**] >0,  and km(1ogk)*sak*SEk[||w||5dw]<oo,

k—o0
for all s 2 0, where Ey[] is the expectation defined in Theorem 11.
log k

log A
For positive integers m and k satisfying m < 7i(k), Proposition 25 implies

Proof. For k € N, define n(k) = [ ] Obviously, A\"*) < f < PR+,

ﬁ{w € W(O) | L(w) = k7 V(w) § ﬁ(k) - m} é eﬁCkUﬁ(k)—QO
< C'exp(Bek + ((k) —m)log Ay — C"A™)
< O exp(Bck 4 log)g » Azloghk — C"A™).

This and Theorem 10 imply that for sufficiently large o and for any real ¢, there exists C' > 0 such that

Pplv(w) £ A(k) — aloglogk + ¢ < C'C ! exp((logjog » A2 — Cs3) logk — C" A~ (log k)* 18 )
3

< Ce o8k ke N,
where ﬁk[] is as defined in Theorem 11. This, with (56), implies for sufficiently large a,

Jim Pyl < (log k) =/ dw 1/ dw] 108 k)* < iy P [2v(%) < 2(log k) =/ dw 1/ dw] losk)* —
— 00

k—oo

Chebishev’s inequality implies, for s 2 0,
Ex[|[w]**] = ((log k) ~"k)* (1 = Pe[Jw]| < (log k) =/ k!/*]).

Therefore,
lim (log k)**k™* Eg[||w]|*™] > 0, 52 0.

k—o0

Next, for positive integers m, k, and ¢, Proposition 25 implies, with an obvious inequality 2m+¢ >
am=l 4y o=l m (€ Zy,

H{we WO | L(w) =k, v(w) = (k) +m+£+2} < P Vg pmiopamie
< Cexp(Bek + (A(k) +m + £+ 1) log Ay — C'2™ )
< Cexp(Bek + logjeg \ A2 log k +mlog A — C"2m Y ALt exp(—C7247Y).

This and Theorem 10 imply that there exists a positive constant C' such that

@
log 2

(67

;}pz

v(w) = a(k) + Pilv(w) = (k) + £ +

loglog k] = log log k]

1)

log 2

Cl © 11ol—1 C”
Z Abe© 2! exp((logiog x A2 — C3) logk + alogy Az loglog k — — (log k)®)
14z £~ 8

C
C//
C exp((logjg , A2 — C3) log k + arlogy Az loglog b — ?(log k)*), keN.

This, with (56), implies for sufficiently large «,

lim Pylw] = (log o)/ d gt/ dw] (08 D) < iy P [2¢(%) > (log &)@/ 4w /4w ellos k) — (|

k—o0
Let s 2 0. Note that ||w| £ L(w), which implies
Ex[||lw|*™] < ((log k)*k)* + k*® Py [ew]|™ = (log k)*k].

Therefore, L
Jim (log k) "k~ Ex[[Jw] "] < oc,
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4.3.3 Reflection principle.

The definition of pre-dSG in (1) and (2) induces a natural coordinate system on G which is an onto map
7 {0,1,2,--+,d}%+ — G defined as follows. For each vg; = v; € Gy (i = 0,1,2,---,d) we assign a
coordinate (¢,0,0,0,---);

7(4,0,0,0,--+) =wp4, 1 =0,1,2,3,---,d.

For n = 0,1,2,--- and ¢« = 0,1,2,3,---,d, put G,,; = G, + 2"vg;, and define a 1 : 1 onto map
tnyi: Gni— Gy by tyi(v) =v—2";. Ly, naturally induces a 1: 1 onto map B,, ; — B, , which we also
denote by ¢y,

We proceed with by induction in n and assume that a coordinate system 7 on Gp_1 (= Gp_1,0) has
been defined for an n 2 1, in such a way that 7(v) € G,,—1 holds for any v = (ig, 1,42, ,4pn—1,0,0,0,---)
with i, € {0,1,2,---,d}, k=0,1,2,---,n— 1. For v € G,,_1 j, with j € {0,1,2,---,d}, define

W(i()vilai% e ,in71,j,0,0, o ) =, if W(i();ilvi% e 7in717030703 o ) = Lnfl,j(vy

Note that this definition is compatible with G,,—1,0 = Gn—1 C Gy, .
Each point in G \ {O} has exactly two coordinate representations, because

ﬂ-(jvja"'ajaivoa"'):W(i7i7"'aiaja0a"')EG'rn,ime,j7 O§Z<J§da mEZ+.

Note also that if 7(ig, 41,42, ) € G, then i, =0, k=n+1,n+2,---

~_ (@) 000y =

1(i)=r1(0i) =y T40i0i)=T1(i00i)
[

Reflection in the I-] hyperplane
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We now define a reflection map (see the Figure) with which we formulate a reflection principle in
Theorem 28. For each i =1,2,3,---,d define Ry, : {0,1,2,---,d} — {0,1,2,---,d} by

Ry.;(0) =1,
Ry (i) =0,
RO,i(j) =7 ] 7é 0,1i.

For n = 1,2,3,--- and ¢ = 1,2,---,d, we define 1 : 1 maps R,; : G — G and an : G — G
(‘partial reflections’ with respect to a hyperplane containing = (4,4, --,4,%,0,0,--+) € Gp_1,;, j # 0,1, and
‘perpendicular to i-th axis’), by:

Rn,i('ﬂ_(xO;mlax% o ))
W(ﬂfo,ﬂ?hlﬂz, o ')7 if ’/T(xO;:L'lam% oy Tn,y ) ¢ anl,ia

= W(ROJ (-TO)7 RO,i(xl)’ Tt ROA,i(xn*l)’ Tn, 0, Oa 0, ')7 (66)
if m(zo, 1,22, &n, ) € Gpo1,; and x, =1,
and B
Ry i(m(xo, w1, 22, +))
7T(xO; XT1,T2, ')7 if ’/T(iL’(),l‘l, X2,y T, - ) g anl U L»,:;(anl)a (67)
= W(Royi(xo)v Royi(xl)v Y Royi(xnfl)v T,y Royi(anrl)’ 0> Oa o ')7
if m(xo, 1,22, Tpy 1) € Gpo1 U L;;(Gn_l) and z,, = 0.

Note that Gp,—1, Gp—1,i, and L;;(Gn,l) are three copies of G,,_1 aligned in ‘-th axis’ direction, such that

0,1,2 n 0,1,2 n—1
Gn—lﬂGn—l,i:{77(07()’07"'70’i5070a"')}:{W(i7i7i7"'7 1 70a070a"')}7 (68)
and
0,1,2 n+1 0,1,2 n
Gn1iNt, 5 (Gnot) ={x(0,0,0,---,0, i ,0,0,--)} ={m(i,i,i,--,i,,0,0,--)}. (69)

Note also that, by construction all the points in G,,_1,; can be written as 7(xo, 1, -, T, 0,0, - --) with z,, =
i, those in G,,—1 as w(xg, -, p,0,0,---) with z,, = 0, and those in L;;(Gn_l) as m(xo, **y Tn,y Tnt1,0, )
with z,, =0 and z,4+1 = 1.

Proposition 27 R, ; and an are 1 : 1 maps. Moreover, the following hold.
(i) If v € Gn_y then Ry i(z) € 1, }(Gn1).
(i) If (z,y) € By_1, then (R i(z), Rni(y)) € B.
(ii3) If v € Gp—1 N Gr_1,; then R, () = Rnl(x)
(iv) If x € Gy, then Ry, i(x) € Gy, .

(W) If x € Gp—1,; N U Gn—1,j then R, ;(z) = x.
J#0,i

(vi) If (x,y) € Bp_1,; then (R, i(x),Rn,i(y)) € B.
Proof. By definition, Rfu(:c) = Ril(x) =z, x € G, hence, in particular, R, ; and R, ; are 1: 1 maps.

(i) If z € Gy then z has a coordinate of the form = = 7(zo, 21, -, 2n-1,0,0,0,- ), which, with (67),
implies Ry, ;(x) = 7(zo, 21, -+, Tn-1,0,%,0,--+), which is in L;i(Gn,l) .

(i) let (z,y) € Bp—1. Then z,y € G,_1, hence their coordinates can be written as
T = 7T(.’E0,l‘1, o 'aznflaoaoaoa o ')’ Yy = ’/T(y07y1; ce 'aynflaoaoao, v )

With (67), we have

Ry i(x) = m(Ro.i(x0), Ro.i(x1), -, Roi(n-1),0,1,0,0,---) € 1, {(Gn_1),
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and a similar expression holds for y. Noting that L;;(Gn,l) is a copy of G,,_1, it then suffices to
prove

(m(Ro,i(20), -+ Roi(zn-1),0,0,- ), m(Ro,i(¥0), -+, Ro,i(Yn-1),0,0, ")) € Bn1.
Noting the definition of B, _1, we may assume, from (z,y) € B,,—1, that ,,_1 = y,—1 and
(m(@o, 21, Tn—2,0,0,0,- ), (Yo, Y1, **, Yn—2,0,0,0,---)) € By_o.
Inductively, it eventually turns out that it suffices to prove
(m(Ro,i(x), 0,0, ), 7(Ro,i(y),0,0,--)) € Bo if (7(,0,0,---),7(y,0,0,--+)) € Bo,
which is obvious from the definition of Fy = (Gg, By).

(iii) Applying (68) in (66) and (67), we have

0,1,2 n 071a2 n
Rn,z(w) :Rn7i(71'(070,07"',07i,0,07"')) :TF(’L',’L',’L',"',’L',’i,0,0,"'),
and
~ - 0,1,2 n—1 0,1,2 n+1
Rn,z(w) = Rn,i(ﬂ-( i7i7ia"'a v 5070a07"')) :7T(0,07O, 7Oa07 { 7Oa )
07132 n

:W(Z,Z,Z,"',’i, Z,0,0,)
Hence R, i(z) = Ry i(z).

(iv) If x € G, then x has a coordinate x = m(xg, 1, -+, %, 0,0,---). Then (66) implies that R, ;(z) has
a similar coordinate, hence R, ;(z) € G, .
n
(v) Noting (68) and (69), we see that x has a coordinate x = 7 (4,4, -+, 4, ¢,0,0,--), j # 0,7. Then (66)
implies R, ;(z) = .

(vi) This can be proved in a similar way as (ii).

For each self-avoiding path w € W satisfying |w(L(w))| < 2"(*)~!, we want to assign a self-avoiding
path R(w) € W© (‘reflected path’) such that |R(w)(L(R(w)))| > 2"E@)=1 (the right hand side stands
for the Euclidean distance of the endpoints of R(w)). This is possible using (66) and (67), as follows.

Given w = (w(0),w(1),- -, w(L(w))) € W with the property

d
w(L(w)) € Gp_1 '\ U Gn—_1i, where n=v(w), (70)

i=1

we shall define a path R(w) as follows.
Let T'(w) be a positive integer satisfying

w(k) € Gp—1, T(w) £k < L(w), and w(T(w)—1) € Gp_1.

The condition (70) implies that such an integer (uniquely) exists. Since w(T(w)) € Gp—1, w(T(w) — 1) €
d

U Gn-1,i- Let i(w) € {1,2,---,d} be such that w(T'(w) — 1) € G,,_1 ;(w) - Clearly, such an integer is also

i=1

unique. Also the definitions of T'(w) and ¢(w) imply

w(T(w)) € Gr-1 N Gr1i(w) - (71)
Define R(w) b,
’ Rlw k) = | B (k). 0=k < T(w),
@0 ={ B0, T <4 € L)
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Theorem 28 For each w € WO satisfying |w(L(w))| < 2"~ R(w) € WO (i.e., is a self-avoiding
path starting from O) which satisfies L(R(w)) = L(w), v(R(w)) = v(w) + 1, and 2" < |R(w)(L(w))] .

Proof. The non-trivial part of the claim is that R(w) is a self-avoiding path. All the other properties are
obvious from the definition of the reflections.

We first prove that R(w) is self-avoiding, when w is self-avoiding. Let n = v(w). Note that (71) and
Proposition 27 (iii) imply }

Ry iy (w(T(w))) = Ry i) (w(T' (w))). (72)
Since R, ; and R, ; are 1 : 1 maps (Proposition 27), the path segments wy = {R(w)(k), 0 £ k < T(w)}
and wy = {R(w)(k), T(w) £ k < L(w)} are self-avoiding.

The definition of T'(w) implies w(k) € Gp_1, T(w) < k < L(w), which, with Proposition 27 (i),
implies R, ;(w(k)) € L;L,li(Gn,l), hence, in particular, wy N G, = {Ry,i(w(T(w)))}. On the other hand,
Proposition 27 (iv) implies wy; C Gy, . Therefore wy and wy are mutually avoiding. This proves that R(w)
is self-avoiding.

We are left with proving that R(w) is a path, i.e.,

(R(w)(k), R(w)(k +1)) € B, k=0,1,2,--, L(w) — 1. (73)

Definition of T'(w) and Proposition 27 (ii) imply (73) for T'(w) £ k < L(w). Hence we may assume 0 < k <

T'(w). Definition of T'(w) and (72) imply R(w)(k) = Ry, icw)(w(k)), 0 = k = T(w). If w(k) € Gp1,i(w)

then (w(k), w(k+1)) € B and n = v(w) and (71) with self-avoiding property of w imply w(k+1) & G, _1i(w)

or w(k +1) € Gp_1i(w) N U Gr-1,. The definition of R, ;(,) and Proposition 27(v) imply that in
7#0,i(w)

either case R, j(w)(w(k 4 1)) = w(k 4 1). Also w(k) € G—1,i(w) implies Ry, ;) (w(k)) = w(k). Hence in

this case (73) holds.

The remaining case is when 0 < k < T'(w) and w(k) € G,_1,i@w) hold. If w(k + 1) & Gp_1i(w),
then a similar reasoning as above applies. Therefore we may also assume w(k + 1) € G, _1 (). Hence
(w(k),w(k +1)) € By_1,i(w), in which case Proposition 27 (vi) applies and we have (73).

O

Corollary 29 Ifs 20 and k € N,
Ek[Qs(u(w)fl); |w(k:)| é 21/(11))71] § Ek[Qs(u(w)fl); |w(k:)| z 21/(11))71]’
where Ey[] is the expectation defined in Theorem 11.

Proof. Recalling the definition of the measure P, we find from Theorem 28,

E 2075w (k)| < 2771 = 3 22D Bv(w) = n, Jw(k)| <277

n=0

%)
< 2O DB u(w) = n+ 1, fw(k)] > 27] = 27 B2 D; (k)] > 220
n=0
é Ek[2s(u(w)71); |w(k)\ > 2u(w)71]'
Hence

Ek[QS(V(w)_l); |w(k‘)\ § 2u(w)—1] _ Ek[Qs(V(w)_l); |w(k‘)\ _ 2u(w)—1] 4 Ek[QS(V(w)_l); |w(k:)| < 21/(w)—1]
é Ek[QS(V(w)_l); |w(k‘)\ z 21/(w)—1]-

Proof of Theorem 11. Note an obvious bound

w(L(w))] £ Jlw|| < 270, we WO,
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This and Corollary 29 imply

27 By [||wl]*)
1
é 27571Ek[25u(w)] — (E [25(1/(10) 1) |w( )‘ S 2u(w)71] +Ek[25(u(w)71); |w(k:)| > 21/(11))71])

< B2 0070 (k)] 2 20071 £ Bflu(k)ls (k)] 2 27007
< Billw(k)] < Billw)]. 520, ke L

This and Proposition 26 further imply, for sufficiently large «,

lim (log k)**k~*Ey[Jw(k)|*%*] >0, and km (log k) *“k~° By [Jw(k)|* ] < oo.

k—oo

Namely, there exist constants kg, C, and C’ such that
slogk — saloglogk + C < log Ex[|Jw(k)|* %] < slogk + saloglogk + C', k 2> ko, s >0,

which completes a proof of Theorem 11. O

5 Restricted model on the 4-dimensional Sierpinski gasket.

In this section, we consider the restricted model for d = 4. The RG map 3 (Proposition 4) is a map on
6 dimensional space CZ* where, as in Section 2, Z, = {(1), (1,1), (2), (3), (4), (1,2)}. (For convenience, we
assign the second coordinate to (1,1) in this section.)

We will consider the restricted self-avoiding walks, the self-avoding paths w starting from O with
the property s;(w) = 0, J & Kyes, where Kres = {(1),(11)} (see (13) and (15)). We regard R =
{(.%‘(1), T(11), o,---, 0) | T(1),T(11) € R+} - Ri‘l.

To apply the results of previous sections, we use the following explicit properties of 3.

Proposition 30 The map o satisfies the following.

(i) ® is a 6 dimensional vector valued function whose components are polynomials in 6 variables (1),
(11), (2), (3), (4), (12) with positive integer coefficients. The degree of each term in the polynomials
are no less than 2 and no greater than 5.

(ii)
®(1)(2,9,0,0,0,0) = 2+ 32°+ 62" + 62° + 122y + 302"y + 182%y*
+ 7823y% + 9622y + 1322y + 132y°,
zt 4 22° + 423y + 132ty + 3223y? + 88x2y3
+ 22y% + 2202y* + 186y°.

(74)

D(1,1)(2,9,0,0,0,0)

(iii) There exist polynomials ®1,;, I = (1),(11), i = 0,1,2,3,4, of positive coefficients, such that ® ) g
contains a term x%l), ®(11),0 contains a term ac‘(ll), and

y(@) = Puya@)ea) + 320),2(8) @) + 5P)3(T) 23) + Pya(@) za1) + Payo(@),
Do) (@) = Pay1(@)z2) + ‘I>(1) 2(T) z(3) + @(1) 3(D) 24y + P1),4(F) T(12) »

Q@) = Pua(@)xq) + ‘I)(n) 2(Z) T(2) + ‘I)(n) 3(T) w3y + P(11),4(7) z(11) + P11),0(D),
P2)(T) = Pana(@)z(2) +‘1>(11) (T) 2 (3) +‘I>(11),s( T) x4y + P11),4(F) T(12) -

(75)

w) For each I & K,¢s there exist positive integers m = my and m' = m/; such that ®(1y and 11y contain
I (1) (11)
terms :c’a‘):c] and Z?{;xl , respectively.

(v) If I & Kyes , then each term in ®; contains a positive power of xj for some J & Kyes . Furthermore,
each term in ® 3y and @4y has total degree 2 or more of x;’s with J Z Kres - ® 9y contains a term
x?l)x(11)$(12) and (I>(12) contains a term x‘(ll)x(g) .

Proof. (i) This is already proved in Proposition 4.
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), are obtained by explicit counting of paths

(ii) The explicit forms (74) of ®;(x,y,0,0,0,0), I = (1),(1,1
= X, with aid of computer calculations. The

in the right hand side of the definition (9) for ®
explicit forms (74) are given in [9, eqs. (A1) (A2)].

(iii) The expression for @5y in (75) follows from an observation (from the definition (5)) that each path

w in W , which starts from O and ends at vy 2, must pass through vy ;. w therefore has a path

segment of length more than 1 in the unit simplex Fy + vg,1 (which contains vy 1). The contribution
x1 to ®(2)(¥) from this simplex is therefore in {z; | I € Kyes}. Classifying the terms in® (o) (Z) by
this 7, we obtain the claimed expression.

The expression for ® ;2 follows in a similar way.

To relate ®(3) to ®(y), classify the terms again by the contribution from Fy + vo1. Let w € W((Ql)).
According to what is just proved, w N (By + vg,1) is congruent to one of {A; | I & K,es}, in the
notation of Proposition 3.

If it is congruent to A(y), then w has a form T,0110 in the simplex. To this w assign a path w’
obtained by replacing T,01 105 by Ua0p. Then w' € W((l))7 and contributes a term to ®(;) similar to
the contribution of w to ®(2y but with x(9) replaced by (1) .

If wN (By +wo,1) is congruent to A(3) , then w has a form 0,01 1005 Or U,U:01,10p in the simplex. To
this w assign a path w’ obtained, as before, by shortcutting vy, , to obtain U,0.05 . Then w’ € W((ll)),
and contributes a term to ®(;) similar to the contribution of w to ®(3) but with z(3) replaced by x(s) .

This correspondence is 2 to 1, which explains the factor - in the expression of ®q in (75).

The other possibilities (4) and (12) are similar.

That 1'(21) is contained in ®;)(Z) is proved in Proposition 4. This term can not be obtained by an
above mentioned ‘shortcutting’ procedure on paths, so it must be contained in @y o(Z).

The expression for ®(;1) follows in a similar way.

(iv) W((1)) contains paths Ovq (v1 + v2)v1,1, Ovi(v1 + v2)(v1 + v3)v11, Ovi(vr 4+ v2)(v1 + v3)(v1 + va)v11,

and Ova(vg + v3)v3v4v101 1 , which respectively contribute terms T)T(), 1= 2,3, 4, and ac(l) (12) in
).

Similarly, paths sets

(Ovivi1,v1,2(vs + v2)(v3 + v1)v13),
(Ov1v1,1,v1,2(v3 + v2)(v3 4+ v1) (Vs + va)v13),
(Oviv1,1,v1,2(v3 + v2)(v3 + v1)(vs + va)U3V13),
(Ov1v1,1 , U1 202040301 3),

respectively contribute terms :L'?l)l'(i) ,1=2,3,4, and :E?l):n(m) in @y .

(v) The first part follows from (75) and similar expressions for ®(s), ®(4). The second part follows from
an observation similar to that used to prove (75). That &, contains a term 1’?1)33(11)1'(12) follows
from an existence of a path

Ovs(v1 + v3)(v1 + va)vavivr,1(v1 + v2)Vv1,2,

and @ (1) contains a term x‘(ll)ac(g) because of a path

(Oviv1,1,v1,2(v2 + v3)v1,3(U3 + Va)v1,4).

Theorem 31 (i) ®()(2,9,0,0,0,0) = =z, and ®;qy(2,9,0,0,0,0) = y has a unique solution T. =
(.’I?c, Ye, Oa 07 Oa O) mn {(JJ, Y, 07 Oa 07 0) € R’f—ms (.TL', Y, Oa 07 0? O) € E4 \ {6}}
2. = 0.326490898 - - - and y. = 0.027929572 - - - are positive. (In particular, Kres = Kz, .)

(1) Z. is a self-avoiding fized point, i.e., satisfies (FP1) — (FP4).
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(iii)

Proof.

(i)

There exists a critical point of the restricted model B¢ res -

3
(i) Since (74) implies z > x? + 323 + 62* + 625, it follows that 0 < x < 3

Eliminating y from ®(z,,0,0,0,0) = z and ®(11)(z,y,0,0,0,0) =y (in a similar spirit with that
of the proof in [6, Proposition 3.1], but with lengthy calculations), we obtain an algebraic equation
g(x) = 0, where

g(x) = —3162456 + 3162456z + 2793502822 + 8235139023 4 53434019524 — 227123138532°
— 2274919060925 + 1734885395162 7 + 5204915365052° + 1599191552932°
— 1067593750255 — 3355567112768z — 7117707818273 212 — 8049744033921 213
+ 3218074725393 214 4 291325973329202 15 + 58986824992938 16 + 747784471321442 7
+ 708972144185522: '8 + 55063893147408 ' + 36096140965140 >°
+ 196694823256922: 2! + 7841354208804 %% + 177168035116822% + 149567809608z %4,

and y is expressed by a rational function of z, say h(z).

The signs of the coefficients imply (by an argument from elementary calculus similar to those in the
proof of [6, Proposition 3.1]) that ¢’(x) changes sign no more than 4 times on z = 0 (i.e., ¢’(x) has
no more than 4 positive roots). Since, by explicit calculation, ¢’(0) > 0, ¢’(1/5) < 0, ¢’(3/8) > 0,
g’ (3/7) < 0, and ¢'(+00) > 0, ¢’(x) changes sign 4 times on x = 0, and 2 times on 0 < = < 3/8.
Also we have ¢g(0) < 0, g(1/5) < 0, and ¢(3/8) > 0. In particular, we have one and only one solution
x=uz.0f g(x) =01in z € (1/5,3/8).

Again by explicit calculation, we have ¢’(21/200) > 0 and ¢'(11/100) < 0, therefore, the other point
that ¢'(x) changes sign in 0 < z < 3/8 is in the interval (21/200,11/100). By explicit calculation
g (z) £ ¢'(21/200) £ 9 x 10°, x € [21/200,11/100], and ¢g(21/200) < —2 x 10%. Therefore, if
x € [21/200, 11/100], then g(x) £ —2x10°+4.5 x 10% < 0. This implies g(z) < 0, 0 < z < 1/5, hence
x. obtained above is the unique solution to g(z) =0 on z = 0. With y. = h(x.), (z¢, yc) is therefore
the unique solution to ®(1y(x,¥,0,0,0,0) = x, and ®(11)(z,y,0,0,0,0) = y on R2 . It is easy to see
that . = 0.326490898 - - - and y. = 0.027929572 - - -, which prove that (z.,y.,0,0,0,0) € Z4 \ {6}

We prove each of (FP1) — (FP4) in turn.

(a) Proposition 30 (v) implies that if I & K,cs = {(1), (11)} then ®;(Z.) = 0. Therefore &(Z.) = & .
(b) Proposition 30 (v) implies

J3y5(Te) = Ty (Te) =0, J €Ly,

and
j](l) (fc) = j](ll)(fc) = Oa I §Z ICres .
Therefore, B = J(Z.) has a form

3q DBiz Bis DBis DBis

Bss  Boy Bas Bog

Bss B3y Bss Bsg
0 0 0 0 ’
0 0 0 0

Bgs Bga Bes Bes

cocooor 3
cooc o=

where, by (74),

p = 2v, + 922 + 2423 + 302 + 3622y, + 12003y, + 36x.y2 + 2342%y? + 1922.y° + 13292,
q = 42 + 1022 + 1222y, + 5223y, + 9622y + 1762.y> + 22042,
r = 4o + 1322 + 6423y, + 2642%y? + 88y> + 880z.y> + 930y,

and B;;’s are non-negative, and (75) implies

333*7(2)(2)( )= <I><1)1(:Ec)

Bsg = 2)(1 2)(Te) = 1) 4(Te),
Bgs = )(fc = ®11),1(7e),
Beg = 12)(Te) = ‘I)(u) a(Ze).
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A 2 x 2 matrix ( 2 iq ) has eigenvalues A = 3.17282866849 - - - > 1 and Ao = 0.249393708 - - -

In fact, they are the solutions of % — (p+r)z+pr— 3q2 =0.
B33  Bsg

Consider a 2 x 2 matrix B’ =
( Bss  Bes

>. Its characteristic polynomial f(x) = det(xz I — B)

is

1 1
f(z) = 2* — (Bss+ Bes )z + (B33 Bes — B3s Bez) = (v — 5(333 + Bgg))* — 1(333 — Bgs)? — B3 Bes -
(76)
Note that (75) implies

ze = Oy (Ze) = Bz xc + B3g Yo + P1y,0(Ze

= Bs3 @ + Bag ye + 22,
Ye = P(11)(Ze) = Bez we + Bos ye + P11),0(Ze)

)
Z.) Z Bes xc + Beg ye + T4,

which further imply

I4

(I —ze)+ (11— y—c)) <1,
e e z
— Bs3)(1 — Bgg) = (—Bsg + 2.)(—Bgs + —<) > BssBss
Te Ye Y

c

1
0= g = 5(333 + Bgs) =

/\ N | —

1-— B33 — B66 + B33B66 -

Note also that Proposition 30 (v) implies that
Bss 2 wly. and  Bgg 2 xp.

Using these estimates in (76) we find that f(z) is increasing on = x,, symmetric with respect
to = z, (hence in particular, f(—1) > f(—14 2z,) = f(1)), f(z4) £ —BssBesz < —27y. < 0,
and f(1) > 0. Therefore the two eigenvalues A3 and Ay of B’ are real, distinct, and have absolute
values less than 1.

The other two eigenvalues are 0, for which we have 2 independent left eigen vectors (0, 0,0, 1,0, 0)
and (0,0,0,0,1,0).

Therefore, B = J(Z.) is diagonalizable by an invertible matrix, whose eigenvalues are A, Ag, A3,
A4, 0, 0, and the eigenvalue A which is largest in absolute value satisfies A > 1 and all the other
eigenvalues have absolute values strictly less than 1.

Denote the left eigenvector of B for A by o1, = (vg (1), VL, (11), VL, (2)s VL,(3)s VL,(4), VL,(12)) - 1t 18
defined by
vLay _A-p 3¢

vL,(1) i] A—r’

vL,(2) = (Bisvp, (1) + Basvr,(11) + Besvr,(12))

A— Bss
Vp,(3) = X(BMUL,(I) + Bagvr, (1) + B3avp (2) + Beavr, (12))s
1
VL, (4) = X(BISUL,(l) + Basvp, (1) + B3svr,2) + Besvr,(12)),
1

VL, (12) = (Bi6vr, (1) + Basvr,11) + B3asvr,(2))-

Obviously, we can take vy (1) = 1. A is the larger solution of 22— (p+r)z+pr— 3¢> = 0, hence
A > p. Therefore, vy, (11) > 0. Note that Proposition 30 (iv) implies

Bi; >0, i=1,2 j=34,506.

Note also that A > 1 > max{Bss, Bes} . Therefore vy ; > 0, I = (2),(3), (4), (12).
3q

A=p

Finally, note that the right eigenvector of B for A can be chosen to be , hence has

oo oo |

positive (non-zero) (1)-component.

34



(c) The explicit form (74) shows that ®(;) and ®(11) contain terms :c%l) and :c‘(ll), respectively.
(d) We have already shown Z. € Z4 N R’i and since z, > 0, Z. # 0.

(iii) Theorem 15 implies that there exists one and only one By € R such that Zean k... (Bo) € 0D. To
prove that fy is the critical point of the restricted model, it is sufficient to prove, from (CS2) and
(DA1) — (DA2), that

lim X, (Zean, k... (Bo)) = Ze, (77)

and
Ican,ICTeS,I(ﬁO) 7é 0, Ie Kres -
The latter obviously holds, because

fcan,lC,.ES (50) = (67ﬁ07 672&); Oa Oa 0, 0)

Hence it suffices to prove (77).
Since R’f”s C Rfﬁ is an invariant subset (Proposition 6 or Proposition 8), we may restrict (77) to
Rf’“ . Define

In(ﬂ%y) Xn,(1)($,y,0,070,0), yn(xvy) = Xn,(ll)(xay7070a070)a

—

¢ = (o1, P2

); ¢1(x,y) = (I)(l) (x7y7030,030)7 ¢2(xay) = q)(ll) (x,y,0,0,0,0).
Then (xo(x,y),yo(m,y)) = (.’L’,y) and (xn+17yn+1) = qj;o (-Tn,yn), n e Z+'
Next define )
20 = {(x,y) € R | (2,9,0,0,0,0) € 4} = {(w,y) € B} | 2* 2 g},
and

D®) = {(z,y) € E5 | (2,9.0,0,0,0) € D},
where D C Rﬁ_ is as in (31). Denote by D®e D@ 9D the interior, exterior, and boundary of
D@ in =,

Note that
(e 0 e=2%0) ¢ 9D,

To prove (77), it then suffices to prove
nll%o(xn(xay),yn(%y)) = (w¢,ye), (z,y) € oD®). (78)

The definition and Theorem 15 implies that these sets are invariant sets of (¢1, ¢2) and that

D® = {(x,y) e 2P | sup max{zn (z, ), yn (2,9)} < o}
LASY/EN

= {(z,y) € | sup max{zn (2, ), ya (v, 9)} < 1}
nesly

and
D = {(z,y) €= | lim max{e(z,9),yn(z,y)} = 0}.
The explicit form (74) and Theorem 15 also imply, by an elementary argument (as in [6, Proposition

3.2 (2)]), that there exist a constant ¢, satisfying 0 < ¢ < 2 and a continuous sitrictly decreasing
1
function p : [0,¢] — Ry, satisfying p(0) < 3 and p(c) = 0, such that
OD® = {(x,p(z)) | z € [0,d]}. (79)

The Jacobian of the map (x,y) — gg(x,y) is, by (74),

8(¢15 ¢2)
det (78(:0, ) (z, y))
8z + 6225 + 1652° + 19227 + 902° + 128x1y + 432z%y + 5162%y + 36027y
+ 52823y% + 2088x1y? + 3996x5y? + 4770x%y? 4 1762y> + 2552223
+1003223y> + 2520024y + 350402°y° + 1860xy* + 11538z%y* + 566402>y*
+ 1135202 %y* + 3168zy° + 69912x%y° + 20664023y° + 503762y°
+ 201780225 + 11616y 4 62400zy” — 2244045,

det 7@ (z,5)

We note the following fact proved by an elementary argument in [6, Proposition 3.3].
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Lemma 32 If there exists € > 0 such that
TP (w,y) > € (x,y) € 0D, (80)

then, é1(x1,y1) < ¢1(x2,y2) holds for any (x1,y1) € D@ and (x2,y2) € OD®) satisfying 1 < T .

Remark. The proof of [6, Proposition 3.3] applies to the present case. The proof there (after [6, (3.7)])
uses only (79) and the fact that ¢; and ¢ are polynomials of positive coefficients. <&

To prove (80), note that the only negative term in J3 (z,y) is —22440y%. If (z,5) € 9D®, then
y = p(z) < p(0) < 1/2, hence 22440y® < 11220y" < 11616y7. With other positive terms in 7@ (x,y),
(80) follows easily.

We are ready to prove (78). Let (z,y) € 0D®), and assume that {(z,(z,y),yn(z,y)) | n € Z4}

accumulates at (zq,Ya) # (¢, ye). Let (zp, yp) = ¢(xa,ya). Since Theorem 31 implies that (x.,y.) is
the only fixed point in 5512) \ {0}, it follows that xj, # = .

Assume that x, > z,. For € > 0 denote the € neighborhood of (z,y) by U (z,y). Since gis continuous,
for any € > 0 there exists § > 0 such that 5(U5(xa, Ya)) C Uc(wp, yp). Taking e small enough so that
(2',y") € Uc(zp, yp) implies &’ > xy, 1= (x4 + 1) /2, we therefore see that there exists § > 0 such that
(z,y) € Us(xa,ya) N OD® implies ¢ (x,y) > . Therefore if ¢y (x,y) > x, then Lemma 32 implies

61(3(z,y)) > ¢1(x,y) (> @), hence by induction,

$1(8"(,9)) > Tm, neN, (2,y) € Ue(a,ya) NODP.

By assumption that {(z,(z,v),yn(z,y)) | n € Z;} accumulates at (z4,y,), there exists a positive
integer N such that (zn(z,y),yn(2,v)) € Ue(2a,ya) N ODP). Therefore z,(z,y) > zm, n = N +
1, N + 2, -, which contradicts the assumption that {z,(z,y) | n € Z+} accumulates at x4 < T, .

Similar argument also holds for if we assume z, < z,. Therefore (x.,y.) is the only point that
{(@n(z,9),yn(z,y)) | n € Z4} accumulates, which proves (78).
O

Theorem 31 and the results in Section 3.2 imply the following results on the asymptotic behaviors of
restricted self-avoiding paths on the 4 dimensional pre-Sierpinski gasket.

Theorem 33 Let Z. = (z¢,Y.,0,0,0,0) € R‘i and Beres = Beic,.. € R be the constants defined in Theo-
rem 31. Then the following holds for the restricted self-avoiding paths on the 4 dimensional pre-Sierpinski
gasket.

(i) If £ € Dom(Z.), then the following hold.

For I € Kres = {(1),(11)}, the joint distribution of scaled generalized path length (A\™"s(1y, A™"5(11))
under iz, 1 converges weakly to a Borel probability measure p},l on RS as n — co.

The generating function ¢z ;, defined by
< Lz = —
@;},I(ﬂ = / et{p:‘f,l[dgL te (CG )
0

is an entire function in t, and the set of functions (% 1> 0% (11)) are uniquely determined by (25)
ford=4.

If 2 € Dom(Z.)NEy and I € Kyes , then the distribution of A~ L(w), the scaled length of w € WI("),
under piz .1 converges weakly to a Borel probability measure py  , which has a C°° density p ; -

In particular, ﬁ;(l)(g) >0,£>0.
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(”) For I €1, = {(1)v (11)7 (2)7 (3)7 (4)a (12)};

. 0, > Pe,res s
lim Z’Cres,n,l(/@) - { 6> ’

n— 00 L 8= ﬁc,res )
and

4
nlggo Z ZICTES,n,(i) (6) = 090, 6 < ﬂc,res .

=1

(#ii) The number Nyes(k) = Ni.., (k) of restricted self-avoiding paths of length k starting from 0 satisfies

.1
klglolo E log Nres(k) - ﬂc,res .

log A

(iv) The exponent for mean square displacement for the restricted model is d,, = Toad 1.6657696 - - -,
0og

in the sense that

lim log Eres’kﬂw(k)\s‘i“’] =s, s20,

k—oo log k

where Ey.cq 1 45 the expectation with respect to the probability measure with equal weight on length k
restricted self-avoiding paths starting at O.

Remark. The convergence of pz, ; and the properties of the limit measure holds both for the full model
and the restricted model (if & € Dom(Z.)), because they hold independently of (CS2).

<
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