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Abstract

Chiral U(1) anomaly is derived with mathematical rigor for a Euclidean fermion
coupled to a smooth external U(1) gauge field on an even dimensional torus as a
continuum limit of lattice regularized fermion field theory with the Wilson term in
the action. The present work rigorously proves for the first time that the Wilson
term correctly reproduces the chiral anomaly.

I Introduction

It is widely believed that continuum limit of a lattice regularized theory of quantized
fermion gives the correct chiral anomaly [1, 2, 3] if we have Wilson terms in the lat-
tice fermion action [4]. Since Karsten and Smit [5] observed this fact by a perturbative
argument, there appeared mathematically more careful analyses [6, 7], in which it was
claimed that the Wilson fermion has the expected continuum limit and gives the correct
chiral anomaly under some mathematical ansatz on perturbative expansions. However,
a further investigation on the validity of the ansatz has not been published so far, and
from a mathematical view point, a proof that Wilson’s formalism for lattice fermion is a
correct scheme giving the expected anomaly, has not been completed.

On the other hand, in modern physics, the Wilson fermion provides not only a mathe-
matical basis for analytic investigations but also a practical scheme for numerical studies
on Euclidean quantum field theories including fermions. In view of this, we cannot help
asking for a mathematically rigorous proof that the Wilson term correctly reproduces the
chiral anomaly in the continuum limit.



In the present paper, we study Wilson’s formalism for a Euclidean lattice fermion
coupled to a smooth external U(1) gauge field defined on an even dimensional torus and
derive the expected chiral anomaly in the continuum limit with mathematical rigor. The
present work rigorously proves for the first time that the Wilson term correctly reproduces
the chiral anomaly.

We summarize below three essential mathematical problems in the present study and
the strategies to solve the problems.

1. Chiral oscillation. Let TY = (aZ/LZ)" be a discrete torus with period L and lattice
spacing a, where L/a is a positive integer. We denote by V¢ the vector space consisting of
all functions v : T¢ — C*"* defined on T? with values in the ‘fibre’ C*"*. The vacuum
expectation of divergence of chiral current, which is our main quantity of interest, is
written in the form of Tr (Kv441), where K is an operator acting on V%, and 4. is the
chirality in d dimensions (see (3.1)). [Note that v4.; is regarded as an operator acting

on V% instead of the fibre C*"* and therefore the multiplicities of the eigenvalues +1 are
not uniformly bounded in the lattice spacing a.]

To take the trace, we choose, as in [6, 7], the ‘planewave basis’, i.e. the set of eigen-
functions of the (free) translations on the lattice (see (4.4)). Though this choice may be
standard, it should be underlined because the Wilson term is too weak to make the trace
norm of K741 uniformly bounded in the lattice spacing a. In other words, it is essen-
tial to ‘cancel’ (see e.g. (6.9)) the highly degenerate positive and negative eigenvalues of
~ar1 (the ‘chiral oscillation’) before taking the continuum limit. The planewave basis is
convenient for this purpose.

Strategy 1: Tuke the trace with respect to the planewave basis in order to explicitly cancel
the chiral oscillation.

It may be illustrative to compare the situation with a previous related work by one
of the authors [8, 9, 10]. There, the chiral oscillation is controlled by introducing an
additional heat-kernel regularization, with which the operator in question lies in the trace
class, and the continuum limit can be taken without explicit cancellation of chiral oscil-
lation. As a result, the index of the continuum Dirac operator appears, which is equal to
the Chern class by the index theorem [11], hence the proof is completed.

2. Perturbative expansion. After performing the fermion integration, we have a formula
with inverse of operators (see (3.9)). If we try to expand the inverse operators pertur-
batively, the convergence of the expansion becomes a problem, as is usual with formal
perturbation series. For example, the operator C' defined in (3.8) is decomposed as

C = Co+ 0 (1.1)

into a free part Cy (for vanishing gauge potentials) and an interaction part Cy, but the
Neumann series
ct o= Y (=Cytanoyt (1.2)

=0

is not absolutely convergent, unless the gauge field is sufficiently small. The following
idea was suggeted in [7] without details:



Strategy 2: Terminate a perturbative expansion of inverse operator up to a finite order,
and use ‘positivity’ to control the remainder terms.

Namely, we use an identity
m—1
C o= G+ Y (-GG Gt (=Grtey)meT . m=1,2,..., (L3)
j=1

for a sufficiently large m. What we need is the power-counting property of the operator
(—=Cy'C1)’, and an a priori bound arising from positivity of C, to control the remainder
terms. See Section IV and Section V for details. It may be suggestive to note that remain-
der estimates based on positivity is used in the convergence proof of cluster expansions in
constructive field theory.

3. Power counting. The strategy 2 should be accompanied by a rigorous power-counting
argument. Furthermore, we need asymptotic estimates of operators, when we take the
continuum limit. Our last point is to employ the power-counting arguments with mathe-
matical rigor in order to extract the asymptotic behaviors.

Strategy 3: Show and use the fact that the operators in question are ‘quasi diagonal’
with respect to the planewave basis.

The class of quasi diagonal operators defined in Section IV is closed with respect to
the summation and the product, and, under a simple assumption, it is also closed with
respect to the inverse operation. This calculus, which is a systematic arrangement of the
asymptotic analysis of lattice operators in the spirit of power-counting, fits our analysis
in this paper well. The smoothness assumption on the gauge fields is of relevance here.
See Section IV for details.

According to the above strategies, we take the continuum limit of Tr (K~;.;) and
confirm that the Wilson fermion gives the correct chiral anomaly.

This paper is organized as follows. We describe the model and state the result (The-
orem 2.1) in Section II. Theorem 2.1 is proved in the subsequent sections. In Section III,
we derive the expression of chiral anomaly in the form of chiral oscillation. Section IV is
devoted to the calculus of quasi diagonal operators. In Section V, we apply the framework
of Section IV to several operators and determine their orders. The proof of Theorem 2.1
is completed in Section VI.

The propositions in Section III and Section VI may guide the readers who wish to
have an overview of our argument.

II Problem and Result

In this section, we formulate the problem and then state the result in Theorem 2.1.

II.1 Notation

Let TflZ be a discrete torus with lattice spacing a and period L. Throught this paper, we
assume that 0 < a < 1/2, L/a € Z. Let V¢ be the set of all mappings

u = (us)s:1,2,...,2d/2 : Tg — CQd/Q- (2.1)



We impose the anti-periodic boundary condition for definiteness, though boundary con-
ditions play no essential roles in this paper.t
Let (, ) be the inner product on V¢ defined by

(v,u) = a° Z (v(z),u(x)),, (2.2)

zcT?

where (, ), is the (standard) inner product on c*

9d/2

(v(@),u(@)e = D vs(@)us(x).

s=1

Let A,(z),p=1,2,....d, be a fixed smooth U(1) gauge field on the continuum torus
T¢ = (R/LZ)* Using A,, we assign the gauge group element

Uyz) = exp (—iQ/ A, (z+ se,) ds) (2.3)

0
to a directed link (z,x +e¢,),z € Tg,u =1,2,...,d, where Q € R is a charge and ¢, is
a unit vector along the u-th axis for p = 1,2,...,d. Denote the free and the covariant

translations by 7},0 and T},, respectively:

Tou(@) = u(x+ae,), p=1,2,....d, v €T ue Ve, (2.4)
T, = UTw, p=12,...,d (2.5)

where U,, denotes the multiplication operator defined by

Uu(z) = Uylz)u(z), p=1,2,...,d, x € T we Ve, (2.6)

a’?

Note that T; =T, ! holds, where T}, is the adjoint with respect to the inner product (,).
Put

]' *
D, = %(TM—TM),uzl,Q,...,d, (2.7)
and let v,,u=1,2,...,d, be the d dimensional anti-hermitian Dirac matrices. Namely,
Yu v + WY = _25;u/[2d/2 V= L2 ... 7d? (28)

where I, denotes the unit matrix of order /. In what follows, we abbreviate v, ® I to Vo

) - d
where I denotes the identity operator on the space V, = {¢ : T% — C}. Then, the
lattice Dirac operator on the discrete torus T¢ is by definition

7 = i%D#. (2.9)

! The anti-periodic boundary condition is required in the proof of the reflection positivity [12].



I1.2 Lattice Fermion

As is well-known, the operator 7 has eigenfunctions called doublers which do not ap-
proximate any eigenfunctions of the continuum Dirac operator. In order to suppress the
contributions of doublers to vacuum expectation values, we introduce the Wilson term:

W= —zd:(ﬂ—Tu—T;), (2.10)

p=1

where I denotes the identity operator on V¢. Then our lattice fermion action is written
as

S(W, ) = (B, +MI - - W)P), (211)

where M > 0 is the fermion mass and r is a positive constant.? Using the action S, we
define the vacuum expectation by

@@0) = zog [ I d0@dvw) en(-SG00EG.Y),  (212)

where the integrations with respect to ¢ and v are the Grassmann integrations [12, 13]
and the partition function Z(A) is defined by

2(4) = [ T1 diw)du(e) exp(~S(, )
- det(z'E+M[—2%W). (2.13)

Note that the semi-positivity of —W
d
(u, —Wu) Z (I-T)ul*> 0 (2.14)
implies
(u, (i + MI — 2iw>u) £ 0, u#0, (2.15)
a

hence Z(A) # 0.

I1.3 Lattice Chiral Current

We define the lattice chiral current by

Ju(x) = wwxwﬂmuwmwn+%«nwumwﬂmw@»,

n=1,2...4d, (2.16)

N~

2 Our analysis allows any r > 0, but the proof of reflection positivity [12] requires 0 < r < 1.



where the chirality 7441 is by definition

Vat1 = iy e (2.17)

Put

> (Ju(@) = Julx — ae,)) = 2Mi(y(x), Y1t (@))e, @ € g, (2.18)

p=1

Y(z) =

SN

and smear it as

Y(§) = a' ) &)Y (2) (2.19)

z€TY

by an arbitrary real-valued smooth function & defined on the continuum torus. The
functional Y (z) is the ‘divergence’ of lattice chiral current with a mass correction. Our
problem is to calculate lim, o(Y (£)).

I1.4 Result

Let us state our result.

Theorem 2.1. For an arbitrary smooth gauge field A = (A,) and for an arbitrary
smooth function & both defined on the continuum torus T?, it holds that

lim (¥'(¢)) —2iQ" TC >
1m = e €uips...
a—0 (47) d/2 (d/2)! =1 HH -t

Fuluz (aj)FmM (w) o .F;U«d—llid (w)7 (2'20)
where €, .., 45 the totally antisymmetric tensor and

Fo(x) = 0,A,(x)—0,A,(z). (2.21)

Namely, (Y (z)) weakly converges to the Chern class in the continuum limit. In the
sebsequent sections, we prove this fact with mathematical rigor.

III Chiral Oscillation

In this section, we carry out the Grassmann integrations, and write the chiral anomaly
as a trace of an operator on VZ.

Proposition 3.1 ([6, 7]). It holds that

Y (€) = —2iTrye [Ayasa], (3.1)

where

A = (zE+MI——W "P + MI) + %(@E+M})(@E+M{-%W)—l. (3.2)



Proof. 1t is easy to see that

V() = a' ) &)Y (x) (3.3)
= (¥, fv;l,lﬁw) + (B, Eyamd) — 2Mi(P, Evat)), (3.4)

where in (3.4) we used the same symbol ¢ for the multiplication operator given by
(€u)(x) = &(x)u(x),r € TY. Using (3.4) and manipulating the Grassmann integrations,
we obtain (3.1). Here, (2.15) ensures the existence of the inverse of i/ + MI — ZW. O

Taking into account the behavior of the Wilson term —g-W for doublers, one may in-
tuitively see that the A works as a ‘projection’ to decouple doublers, and according to
this picture, one can write the scenario that when the doublers go out of the continuum
world, they take away a part of lattice chiral current and produces the chiral unbalance in
the continuum world. One may say that this is the origin of chiral anomaly and nonzero
index of the Dirac operator.

Put
T
L = MI——W, 3.5
5 W, (3.5)
X, = D,L'D,-D,L7'D,, pv=12,...,d, (3.6)
1 d
B = 5 Z ’V;L'YVX,LLW (37)
=1
d
C = L-> D, 'D,. (3.8)
pn=1

Proposition 3.2 ([6, 7]). It holds that

YV(©) = —iTryy [g=(eW +WE(C+B) Mran|. (39)

Proof. Put
Hy = P+ MI, (3.10)
H = iP+1L, (3.11)

and rewrite (3.1) as
V() = —iTrys an(HoH; " + B Hye] (3.12)

Since Hy = Hy + oW and Try.4 [€7a+1] = 0, it holds that

Y(§) = —iTryq

Yary - (WHT + H'W)E] (3.13)
Note that

H\L7'Hf = L+pPL'P
— C+B (3.14)



implies
H' = L7'Hy(C+B)™ (3.15)
Furthermore,
Hyvay1r = vapHy (3.16)

holds, while L, EW + W¢, and (C' + B)~' commute with 74,;. Then we have

V() = —iTryy |5 (€W + WL H(C+ B)an
r H, + Hf
= —iTrya 2—2(5W + Wﬁ)[flg(c + B) 'y
— —iTryy %(SW +WENC + B) yan| . (3.17)
Od

IV  Quasi Diagonal Operators

All the lattice operators appearing in this paper are ‘quasi diagonal” with respect to the
planewave basis. In this section, we define the class of quasi diagonal operators, give a few
examples (Lemma 4.1, Lemma 4.2), and prove basic properties (Lemma 4.3, Lemma 4.4).

IV.1 Definition of Quasi Diagonal Operators
We first fix an orthonormal basis of VZ. Put

2k, +1
L

. 2
TS = {p=(p.) €R"|p, ™.k € Z,lp,| < ). (4.1)

We regard T¢" as a discrete torus with period 27 and spacing 2* and denote by (p) the

periodic distance on T%":

() = max (pu)
) 2n
= Dax min|p, — - 7. (4.2)

For p € Tff*, define the anti-periodic planewave u, on TflZ with a momentum p by
uy(r) = L™%exp(ipr), x€T¢. (4.3)

Furthermore, let xo, 0 = 1,2,...,2%2 be the canonical orthonormal basis of 2" with
respect to the standard inner product. Then,

Ugp = Xa@upeVg, Oz:1,2,...,2d/2,p€TZ*, (4.4)



constitute an orthonormal basis of V¢ :
(Uaps Ugg) = Oaplpg » 0,3 =1,2,...,2%% pqe T, (4.5)

where the inner product ( , ) is the one defined by (2.2).

Let us formulate the class of quasi diagonal operators. Operators such as 7T}, or C
acting on V¢ have dependences on the lattice spacing a so that when we define such
operators, we in fact define families of operators 7T, = T ,a>0,0or C=C@ a>0.

Definition. Let k = k(a,p),p € T, be a non-negative function satisfying

k(a,p) < c(1+(p—q)k(a,q), p.ge T, (4.6)

for some constants ¢ and 7 independent of a,p, and ¢. Then, for a family of linear
operators K@ on V¢ we say that K9 is a quasi diagonal operator of the order k and

a’

write K@ = O(k), if

[(tap, K @ugy)| < e (4.7)

(1+p—q)°’

holds for all o > 0, p,q € TZ*, and o, 3 =1,2,...,2%2 Here the constant ¢, may depend
on ¢ but not on a,p, q, o, (.

Note that (4.6) and (4.7) imply

k(a, q)
Ugp, K D < d—Fr~r 4.8
’( P 5Q)| (1_|_ <p_q>)g ( )
for another constant ¢,. In other words,
K9 =0(k) = K®" =0(k). (4.9)

In the following, we often suppress writing a-dependences of operators explicitly and
write K instead of K. Then we will simply say that K is quasi diagonal and write
K = O(k).

IV.2 Free Parts and Multiplication Operators
Define the ‘free parts’ of D, W, L, and C by

1

D,uO - Q_(T,uO_T*) (410)
d

Wo = — Y2~ T T, (4.11)
M:

Ly = MI- QLW (4.12)

(4.13)

H0>

Co = LO—ZL 'D?
=1
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respectively. A free part of an operator is equal to the operator when the gauge potentials
A, pw=1,2....d, vanish. The free part of B vanishes. Since —W} is semi-positive (see
(2.14)), Lo and Cj are positive definite and therefore invertible.

These operators are exactly diagonal with respect to the planewave basis and are the
first examples of quasi diagonal operators.

Lemma 4.1. We have the following.

Tw = 0O(1), (4.14)
Too—1 = Ola(l+ (), (115)
D = O(1+ (), (4.16)

Wo = Oa(1+ (p)?), (4.17)

Ly = O(1+a(p)?), (4.18)

L' = Ol (119

Co = o<%), (4.20)
o= 0(%) (4.21)

Proof. (4.14)-(4.17) follow from

Tty = €Uy, (4.22)
D,otep = 2sin(apu)uap, (4.23)
Wiotap = —22(1—cos(apu))uap. (4.24)

For example, if K = T, — I, then (4.7) is satisfied by putting k(a,p) = a(p). We add
extra ‘17 in (4.15) in order to ensure (4.6): the function k(a,p) = a(1+ (p)) satisfies (4.6),
because

L+ (qg+m) 1+ {(q) + (r)

1+ ()1 +(q)), ¢,r € T4 . (4.25)

IN N

For the case K = Wj, we need

1+2((q)* + (r)?)
214 (M)A + ()%, ¢,r € TV (4.26)

1+ {g+r)* <
<

The other bounds are shown by using

d
Loty = (M + 2L S(1 — cos ap#)) Uap, (4.27)
a

p=1
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4 Z e sin? apy,
Cotapy = | M+ 2T_a > (1 —cosap,) + = y Ugp.  (4.28)
H=t M+LZ(1—cosapM)
2a |

A multiplication operator determined by a smooth function on T is another example of
quasi diagonal operators.

Lemma 4.2. Let ¢ be a multiplication operator defined by
gu(z) = p(r)u(z), x € Ty ue Vg, (4.29)

for a complex valued smooth (periodic) function p(x) on the continuum torus T®. Then,
we have ¢ = O(1).
Furthermore, ¢ = O(1) holds, if ¢ is defined by

ou(z) = @u(x)u(z), r€ T ue Ve, (4.30)
for a family of functions p,(z) on T that are ‘uniformly smooth’, i.e.

sup |0%q(z)] < 9, a=(ay,...,a9) €{0,1,2,...}9, (4.31)
zeT?

where {c\ | a € {0,1,---}} is a family of constants independent of a, and 0% stands for
[Ti—1 05"

Proof. We show the first part of the lemma. Since ¢(z) is smooth and satisfies

(Uaps PUgy) = Oapa® Y. €T Pp(2), a,B=1,2,...,2¥% p g€ T, (4.32)

z€Td

there exists ¢, such that

m o >0 (4.33)

for p,q € T and for a, f = 1,2,...,2%2 Then, K, = ¢ and k(a,p) = 1 satisfy (4.6)
and (4.7). The other part of the lemma can be proved in a similar way. O

|(uapa ¢Uﬂq)| <
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IV.3 Basic Properties

The class of quasi diagonal operators is closed with respect to summation, product, and
the inverse operation in the following sense.

Lemma 4.3. Let K; = O(k;),j = 1,2. Then, we have Ky + Ky = O(ky + ko) and
K1K2 = O(klkg)

The proof is given in Section IV.4. Note that, when we say K = O(k), it is implied that
k has the property (4.6) with some constants ¢, 7.

Lemma 4.4. Suppose that K = Ky + K satisfies the following, where ‘const.” stands
for some positive constant independent of a and p:

(1) There exists ko satisfying

ko(p) < const.(1+(p))”, p€ Tz*, (4.34)

for some constant v independent of a and p, such that Ky is exactly of the order kg

in the sense that Ko = O(ky) and Ky' = O(1/k) hold.
(2) Ky is of a lower order than Ky in the sense that Ky = O(ky) and

k1(p)
ko(p)

for some constant 6 > 0 independent of a and p.

< const.(14 (p)™°, pe TV, (4.35)

(3) K=t exists and is uniformly bounded, i.e.,

K—l
) = sup LRt
T
u#0

<c (4.36)

for some constant ¢ independent of a.

Then we have K= = O(1/ko).

The proof is given in Section IV.6.

By means of Lemma 4.3 and Lemma 4.4, we can estimate traces on Vﬁf using the
order of operators. As may be seen explicitly from Lemma 4.1, such estimates provide a
mathematical justification of the power counting argument.
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IV.4 Proof of Lemma 4.3
Let us first show K; + Ky = O(k; + ko). Assume

ki(a,p) < a(1+{p—q))"ki(a,q), (4.37)

ka(a,p) < 1+ {p—q)"ka(a,q) , (4.38)
kl(aap)

|(Uap, K1ugg)] < Clam (4.39)
k2(a7p)

|(tap, Kougg)| < (4.40)

A+ {p—q)

for o > 0, p,q € Ta ,and for o, 3 = 1,2,...,2%2 Then, putting K = K; + Ko,k =
ki + ko, 7 = max(my, 72), ¢ = max(cy, ¢3), and ¢, = max(ci,, Cor ), we have (4.6) and (4.7),
and consequently, K7 + Ky = O(ky + k»).

Let us show K = KKy = O(kiks). Put k = kjks. Then, for ¢ = ¢y and for
T =1, + T2, (4.6) holds. In order to show (4.7), we need the following lemma.

Lemma 4.5. If0<p<min{o,7} and 0 + 17— p > d + 1 hold, we have
S (T4 p=r) L+ (r—gq) 7 < const.(1+ (p—1q))", (4.41)

reTd”

where ‘const.’ is independent of p,q, and a.

Proof. Decompose the summation in the left hand side of (4.41) as

YD A+p—r) A+ (r—q)"

reTd”

= > o+ (I+@-=—m) A+ {r—q) (4.42)
reTd” reTd”
(p—r)>(r—q) (p—7)<(r—q)

Let us estimate the first sum. If (p —r) > (r — ¢), then it holds that

2p—r)>2{p-1+{r—q9=>P-q, (4.43)

hence

>, A+p-m) A+ {r—q)7

NP+ =) A+ —q)

(VAN
N
g
+
=
|
~

A
—
_l’_
|
i)
|
S
—
_l’_
5
|
S
S~—
‘1
Q
+
he)

- (4.44)

IA
o
S
3
&
o+

_
+
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where we also used the assumptions 0 < p <o and 7+ 0 —p > d+ 1. The second sum
in the right hand side of (4.42) can be estimated in a similar way. o

Using (4.39),(4.40),(4.38) and (4.41), we have

o9d/2
|(uap7K1K2UBq)’ < Z Z |(uap= Kl“'yf)“(uvmlﬁuﬁq”
=1 reTd”
< 2%2 Z ClgCQTk1<a p)ka(a,r)
SRS (R s e
< 2%2 Z 01002702/?1((1 p)l{:g(a p)
= =) (14 (r—q)"
< const.Clgc?Tchl(a’p)k2<a’p) (4.45)
B (I+(p—q))r

by choosing sufficiently large o and 7 for each p. This implies (4.7) for K = K; + Ko,
hence a proof of Lemma 4.3 is completed.

IV.5 Preparation for a Proof of Lemma 4.4

In this section, we prepare Lemma 4.6, Lemma 4.7, and Lemma 4.8 for the proof of
Lemma 4.4.
The idea of the proof of Lemma 4.4 is to estimate the right hand side of the identity

n—1
K*' = Y K"+ J'K, n=12,..., (4.46)
7=0
where
J = —-K;'K,. (4.47)

Lemma 4.3 implies that the first term in the right hand side of (4.46) is quasi diagonal.
For the second term, as we shall see later, J"K~! for a sufficiently large n has a good
power counting property in spite of the poor information (4.36) on K~'. The key point
is that the order of J is strictly lower than 1:

Lemma 4.6. It holds that
J = O((1+ (). (4.43)
Furthermore, forn > v/d,
J* = O(1/ko) (4.49)

holds.
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Proof. The assumtion (4.35) and Lemma 4.3 imply (4.48). Then we have
J" = O((1+{p)™), n=12,.... (4.50)
In view of (4.34), we can bound the order of J" as follows:

(14 {p))—
ko (p) '

Choosing n > v/§, we obtain (4.49). m

(1+(p))™ < const. (4.51)

The above lemma implies that multiplying by J improves the power counting properties
of operators.

In order to determine the order of the second term in the right hand side of (4.46), we
have to bound

(Pu = 4" | (tap, T K ™ ugg)| (4.52)

for p>0,p,q € TZ*, and for a, 5 =1,2,...,2%2 To this end, we use commutators with
%Tﬂo. Let us write

1
ad,(R) = {—T#O, R} (4.53)
a
for an operator R on VY.

Lemma 4.7. For an operator R on Vg, it holds that

oo (Rpus)| - { S ™ Wl Bl (450

pgeT? o, 3=1,2,...,272 p=1,2....4d

Furthermore, if R = O(r), then ad,(R) = O(r).

Proof. The bounds (4.54) follows from

W 2 (RJusg)| =~ |(exp{ipua) — exp(igu) (g, Rusy)
= 2Jin(5 (P~ 4)0) | (e P (1.59)

The estimate ad,(R) = O(r) follows from (4.54) and (4.7). m
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Lemma 4.8. (1) For R = O(r), we have
(o, RK "Yug,)| < constr(p) , p,g €TV, a,8=1,2,...,2Y2  (4.56)
where ‘const.’ is a constant independent of a,p, and q.
(2) Assume that R = O(r) is at most of the same order as K, i.e.,
r(p) < ko(p), pe Ty . (4.57)

Then, we have

Z (s, RK 'ug,)| < const., s€ T4

a ?
d*
s'eTy

a,B=1,2,...,22  (4.58)

where ‘const.’ is a constant independent of a and s.

Proof. (1) (4.7) and (4.36) imply

const.r(p)
apy Buqs)| < ) 4.59
|(u P u'Y )| (1 + <p_ S>)d+l ( )
[(uys, K ugy)l < e (4.60)
for p,s € T? and for o, 3,7 = 1,2,...,2%2. Then, we have
’(uapvRK_luﬁq)’ < Z | (Uaps Rttys )| (s, K_luﬁq)|
sETg*
3 const.r(p)
S 2Tt -
< const.r(p), (4.61)
where we used
S (14 (s)™ " < const. (4.62)
s€Te"
(2) Using (4.46), we have
> uas, RK ™ ug))|
s'eTd”
n—1
< ¥ (s, RIVKG "ugs)| + D [ (tass RIK tug)|. (4.63)
s’eTd” j=0 s'eTd”

Let us bound the right hand side of the above inequality. For the first term, (4.48) implies
J =0(1), (4.64)
hence

RIK;' = O(+—) (4.65)
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holds. Then, from (4.65), (4.8), and (4.57), we obtain

2 ni |(tasr, R K tugs )| < const. r(s) > (14 (s —s)) !

seTd* j=0 ko(s) e
< const., seT%, (4.66)

for a ‘const.” independent of a and s. For the second term, note that (4.34) and r(p) <
ko(p) imply that by choosing a sufficiently large n, we can make the order 7(p)(1+ (p))~™°
of RJ" lower than (1 + (p))~~'. Then, using (4.36) for K~! and (4.6) for RJ" with
o =d+ 1, we have

9d/2
Z ’(uas’v RJ”K_luﬁsN < Z Z ’(uas’v RJnU’YS”) H(Ufas”a K_luﬁs)’
s'eTd” s, s eTd” 7=1
9d/2
< > N const. (L4 (s) 14 (s' = "))
s!,s" €T =1
< const.. (4.67)

O

IV.6 Proof of Lemma 4.4

In order to show Lemma 4.4, it suffices to estimate the right hand side of (4.46). For the
first term, using (4.64), we have the following bound:

gﬂf(gl = O(1/ko). (4.68)

For the second term, we have to estimate

(Pu = @)’ | (Uap, J" K ugy)| (4.69)

for p>0,p,q € T and for o, 5 = 1,2,...,2%2,
If p=0, (4.49) and (4.56) yield
const.

ko(p)

Now assumue p > 0. Then Lemma 4.7 implies

(o, J"K "Lug,)| < pqeT a,p=12 .2 (4.70)

(Pr = @) [ (wap, JnK_lqu)| < 7| (Uap, adZ(J”K_l)quﬂ )
pgeT a,=1,2,...2% (4.71)

a

Here we note the equalities

adl(J'KY = ) ( Tfr’L ) ad’™ ™ (J")ad (K1) (4.72)

m=0
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and
adL"(K_l)
- (_1)€m| -1, 1m -1, 3m -1 m -1
= Z Z ﬁK ad; (K)K ™ adj? (K)K ™ - - -ad (K) K™,
=1 (m1,ma,...,my) MMymgs - - - My
m=1,2 ..., (4.73)
where the summation 3, 1, m,) 1S taken over all (my, my, ..., my)’s such that
my+mg+---+my = m, (4.74)
my,ma,...,my > 1. (4.75)
Combining them, we obtain
adf (J"K™') = ad)(J")K™!
p m 1V
P (—=1)*m!
_% -~ Z
—-m/ n -1, 3m1 -1, ym2 -1 m -1
adf™™(J") K™ ad) (K)Kad? (K)K ™ - -ad* (K)K ™.

(4.76)

Then, it suffices to bound adzl/(J")K_1 and ad)'(K)K 1.
Note that (4.49) and the latter part of Lemma 4.7 imply adZ"L/(J") = O(1/ky) for
sufficiently large n. Then, using (4.56), we have

const.
ko (p)

Furthermore, the assumptions on the orders of Ky and K; imply K = O(kg). This fact
and Lemma 4.7 and (4.58) imply

|(tap, ad)) (J") K ug,)| <  pseT a,f=1,2,...,2¢%  (4.77)

9d/2
S 3 [(ugs, ad (K)K uye)| < comst., s € T, y=1,2,...,292. (4.78)
seTg*ﬁzl

Then, (4.71), (4.76), (4.77), and (4.78) imply

const.
Dy — )’ | (tap, J"K ' <
< " u> |( D Bq)| k:o(p)
p>0,pqg € TV a,5=1,2...,2Y2 (4.79)

This together with (4.70) yields J"K~! = O(1/ky), which concludes the analysis on the
second term in the right hand side of (4.46), hence the proof of Lemma 4.4.

V  Orders of Operators

Using the framework of quasi diagonal operators, we determine the orders of lattice op-
erators.



V.1 Orders of Interaction Parts

Interaction parts of the operators T),, D,, W, L, and C are by definition

Tin T, — T,
D,ul - DM_D#O’
Wy = W_W07
Ll = L_L07
C; = C—-0Cy.
Namely,
Tul = (Uu_I)Tan
1 .
Dul = %(Tul T)
d
Wi o= Y (U= DT — D) + (T — D(U; = 1) +
pn=1
r
Ly = _%Wh

Cy = Li—Y (Du(L™" = Lg") Dy + D Lg" Dy + DyoLg ' Dy ) -

Lemma 5.1. We have the following order estimates.

(1) The orders of the interaction parts:

T
D
Wi
Ly

(2) The orders of the full operators:
T

I

~ %*;D
Il

<<>»
1+ a(p)?).

(U, +U; —

21))

Proof. (1) follows from (5.6)—(5.9) and Lemma 4.3 together with Lemma 4.1 and

U, — LU —
U+ U —

(2) follows from (1) and Lemma 4.1.

I = Ofa),

21 = O(d?).

19

A~ N N /N
T = W N =
—_— — — ~— ~—

(5.10)



V.2 Orders of L~! and ¢!

Lemma 5.2. The operator L is positive definite and satisfies

(w,Lu) = M|lu]|?

L7 < ML
Furthermore, it holds that
-1
1 = Ol
b o) |
o= Ol g

20

(5.23)

(5.24)

Proof. The semi-positivity of —W (see (2.14)) yields (5.21), from which (5.22) follows.

Furthermore, we have (5.23) from (4.18), (4.19), (5.14), and Lemma 4.4, because

a(l+ () _ _ 2
L+a{p)? — 1+(p)

Finally, estimating the right hand side of
L' =Lt = —L'Ly gt

we obtain (5.24).

Lemma 5.3. The operator C' is positive definite and satisfies

(u,Cu) > M| ul?
) < M

Furthermore, it holds that

o, = o) + (p) )

1+a<p)2

- 1+ (p)?

¢ = O,
1 1+ a(p)?
- O(1+<p>2)'

Proof. In the right hand side of (3.8), L is positive definite (Lemma 5.2) and

Df = —-D,, n=12....4d

”w

(5.25)

(5.26)

(5.29)
(5.30)

(5.31)

(5.32)

Then, (5.27) and (5.28) hold. Applying Lemma 4.1, Lemma 5.1, and Lemma 5.2 to
operators in the right hand side of (5.10), we have (5.29), which, with (4.20), implies

(5.30). Finally, we obtain (5.31) from (4.20), (4.21), and (5.28).

O
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V.3 Order of X,

We begin with the following.

Lemma 5.4. If ¢ is a multiplication operator which satisfies (4.30) and (4.31), we have,
foru=1,2....d,

(Lo, 0] = Ofa), (5.33)
T,6] = Ofa), (5.34)
[T+ Tipo0] = O@@(1+ (p))). (5.35)
Proof. We bound the right hand side of
[Tho, 0] = (TwodT5 — &)1 0. (5.36)

Since 1,091, is a multiplication operator determined by the translation of ¢, it holds
that

T0dTy—¢ = Ofa). (5.37)

This proves (5.33). The estimate (5.34) is obtained in a similar way. The estimate (5.35)
follows from

Tho+ T, 0| To = 2a(T,u06Ty5 — &) Do
F(Tu09T a0 + 10010 — 20) T (5.38)
with a help of
T ¢ T + TrodTuo —2¢ = O(a®). (5.39)

O

The refined bound (5.35) due to the cancellation between 7,9 and T}, is essential in the
proof of Proposition 6.1.

Lemma 5.5. We have the following order estimates:

[D,1, Dyl = O(1), (5.40)
[D,1,D,1] = O(a), (5.41)
ID,.D,] = O(1), (5.42)
[Lo, D] = O(a(1+(p))), (5.43)
[L1, Dyo) = Of(a(l+(p))), (5.44)
[L1, D] = Ofa), (5.45)
[L,D,] = O(a(1+(p))), (5.46)
a(l+(p)?)
X, = 0(<1+a<p>2)2), (5.47)

where p,v=1,2,...,d.
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Proof. Put n, = U, — I. Then, n, = O(a) and
[Tub TI/O] = [77/“ TI/O]T,uO (548)

hold. Using (5.33) for ¢ = 15, (the functions U,(z) and n,(z) can be extended on the
whole T%), we obtain

[T, T0] = O(a?). (5.49)
Similarly, we have
[TSDTVO} ) [ pls :0] ) [TSDT:O} = O(GQ). (55())

Then, (5.40) holds. The estimates

[TulyTul] = _nu[anuO]Tuo+77V[77M7T1/0]Tu0 = O(a3)7 (551)
T3 Tl [T, T), [T, T = O(@), (5.52)

are obtained similarly, from which we have (5.41). The estimate (5.42) follows from (5.40)
and (5.41), because D, and D, commutes.
Next, using

[T,uO + T:07 Tul} = [T,uO + T:07 771/} TI/O ) (553)
[T,u07 Tyl + T:1] - Tl/O [T,u07 U + 77;] - 2CLD1,0 [Tﬂoa 77;] ) (554>

and Lemma 5.4, and the fact that 7, + 7} = O(a?), we have

T+ T30, T = O+ (), (5.55)

[Tuo, Ta + Ty1] = O(a’(1+ (p))). (5.56)
Similarly,

Too + T Tt) = O(@*(1+ (n))), (5.57)

Ti0 Ta + T3] = O@(1+ () (5.58)

hold and we obtain (5.43) and (5.44). Furthermore, (5.45) is shown by estimating the
right hand sides of

[Tﬂl + T;flv Tl/l} = 77u [T,an nV]TVO + U [77#7 TVO]T,uO
+[T:07 nu]n:TVO + UVT;lkO [77:7 TI/O] (559)

and its adjoint. The estimate (5.46) follows from (5.43)—(5.45). Finally, note that
X, = D,L'D,,LIL”' ~D,L7'[D,,LIL™" +[D,,D,|L™". (5.60)

Estimating the right hand side of (5.60) by means of (5.16), (5.23), (5.42), and (5.46), we
obtain (5.47). m



Lemma 5.6. The operator C' + B 1is positive definite and satisfies

(u,(C+Bu) = M|ul?
[(C+B)~" | < M.
Furthermore, it holds that
o U1+ (p)?)
b= O
I
w+m4::oe%%%y

Proof. (5.61) and (5.62) are obtained from

(u,(C+ B)u) = (u,Lu)+ Z:l(D#u, L7'D,u)

23

(5.63)

(5.64)

(5.65)

(5.66)

and (5.21). (5.63) is a consequence of (3.7) and (5.47). (5.64) follows from (5.63) and

(5.31). Lemma 4.4 then yields (5.65).

V.4 Leading Term of X,

We extract the leading term of X, and bound the remainder. Put
Eoy = %(T#O—FT:O) , p=1,2...,d.
Lemma 5.7. For u,v=1,2,...,d, we have
[D,,D,| +iQF,,EnE,, = Ofa),

d
[L, DM] + iaTQ Z Fp,prOEMO = O(a>7
p=1

where Q) is the charge and F),, is the field strength defined by (2.21).

Proof. Put n, = U, — I. Recalling (2.3), we have

Nu — Toonu Ty = —adum, + O(a”)
= —id’Q0,A, + O(d®).

Then, (5.48) and (5.36) yield

[T, T0] = ia*Q(d,A,) 0T + O(a?).

O

(5.67)

(5.68)

(5.69)

(5.70)

(5.71)
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Similarly, we have

[T, T = —ia*Q(0,A) T Ty, + O(a”), (5.72)
T3, o] = —iaQ(0,A,) T3 T + O(a?), (5.73)
T3, T50] = ia*Q(0,A) T Ty, + O(a?), (5.74)
hence
(D1, Dyl = iQ(0,AL)EwEL + O(a). (5.75)
This together with (5.41) yields (5.68). Let us show (5.69). (5.38) and (5.53) yield
T+ T, T | = —2ia°Q(9,4,) Do Tyo + O(a?). (5.76)
Similarly, we have
T+ T3, Ty | = 2ia*Q(9,A4,) DTy + O(a®). (5.77)
Then,
d
(Lo, D] = iar@ Z_:l(apAu)DpoEuo + Of(a) (5.78)
follows. Furthermore, (5.54) implies
[L1,D,0] = —iar@ i(auAp)DpOEp,O + O(a). (5.79)
=
Then, (5.69) follows from (5.78), (5.79), and (5.45). m

Lemma 5.8. It holds that
d d
X + iQ (FWE#OEI,OLEI +ary  FpLy*>DyDyoEy —ary Fp#LgQDPODVOEMO)
p=1 p=1
o a(l + (pZ)
(14 alp)?)?
foru,v=1,2,....,d.

Proof. We extract the leading term from the right hand side of (5.60). Firstly, (5.68) and
(5.24) imply

) (5.80)

[Dy, DL = —iQFWEﬂoEVOngO(%) (5.81)

Similarly, from (5.69), we have
1
DL DG L L = —iarQY. DuoLy FpoDpoFoaLy + 02D (5 60)
P (1+a(p)?)

In the right hand side of the above equality, we may move F},, to the front of the term
by using the following lemma. (The difference is absorbed in the second term of the right
hand side of (5.82).) Thus we have the desired result. m
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Lemma 5.9. If ¢ is a multiplication operator which satisfies (4.30) and (4.31), we have,
foru=1,2....d,

[Dyo, @) O(1), (5.83)
[Ew, 9] = Ofa), (5.84)
[Wo,¢] = O(a*(1+ (), (5.85)
Lo |

9l = oAy oy (5:86)
_1 B 1 + a{p)?

Cite] = (T (5.87)

Proof. The estimates (5.83) — (5.85) follow from (5.33) — (5.35). The commutators with
Ly' and with Cy ! are estimated using commutators with Lo and with Cy, respectively. O

VI Proof of Theorem 2.1

VI.1 Irrelevant Terms

If we formally expand (C + B)™! in the right hand side of (3.9), we have

(v(g) =Y 3, (6.1)
=0
where
Z(j) = —Tr Vg 2—ra<§W + W§)0_1<_Bc_l)j7d+l ) ] - 07 ]-7 27 ceee (62)

The following proposition is a consquence of the order estimates in Section V.

Proposition 6.1. For j > d/2, 29 is irrelevant, i.e.

d/2
lim((V(€) =>_=) = 0. (6.3)

Proof. Tt suffices to bound the right hand side of

/2 .
V) = L2 = —iTryy [ (€W +WEC + B (BO) ] (6.9

=0
The order estimates (5.17), (5.65), and (5.64) imply

qd/2+2

S W+ WE(C + B)H(=BCT) Py = Ot agpyme)

(6.5)
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with the help of Lemma 4.2 and Lemma 4.3. Let us take the trace on V? by means of
the planewave basis (4.4). Then, we have from (4.7) with ¢ = p

/2 @ q/2+2
—>» 29 < const. S
JZ:%) Zr; 1 + a(p)?)d/?
< const.a®log(1/a)
— 0,a—0, (6.6)

where we used

‘ a2 0>d)2,

Z (14 a(p)?)* = COHSt'{ log(1/a), ¢=4d/2.

peTd”

VI.2 Spin Properties

Next we take into account the ‘spin properties’ of operators. We classify operators on
V¢ with respect to the homogeneous degrees in y matrices. For example, C' and B have
0 and 2 homogeneous degrees, respectively. An operator with homogeneous degree 0 is

. d . - d .
regarded as an operator on V, = {p : T¢ — C}. Since V¢ = C¥? @ V, the trace is
factorized as:

Trya = TrydTrgap. (6.8)

Proposition 6.2. [t holds that

A = 0,45=0,1,...,d/2-1, (6.9)
d
Ld/2)  — _yd/2+1 Z 6#1#2--~MdTrVZ[L<€W+W€)
1514255 bg=1
C' X oC ' X O X, O (6.10)

where €, ,,..4, denotes the totally antisymmetric tensor, and all the operators, having

- d
homogeneous degree 0, are regarded as defined on the space V.

Proof. The operator (éW + WE&)C~(—BC™') has homogeneous degree 2j in 4’s. Then,
(6.9) is obvious from

Tr coare (Vs Vo = Y Yaw1) = 0, 0<0<d, py, o,y pe=1,2,...,d. (6.11)
On the other hand, (6.10) follows from (3.7) and

Tr c2d/? (%u%tz S Vg Ydr1) = (_Qi)dmemuzmum
[y oy - s fbg = 1,2, ... d. (6.12)
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V1.3 Leading Terms

We extract the leading terms from (6.10). Let us introduce the ‘normal product’ : : that
moves multiplication operators to front, e.g.

CEWo + Wl : = 26W, (6.13)
. FwEwEwoLy ' Fuy EpoEsoLy' : = FuFusEoEoLy ' EpoEsoLy'.  (6.14)

Proposition 6.3. Put, for p,v=1,2,...,d,

d
X, = —iQ (FW EoEoLy' +2ar > F, Ly 2D,DOD,LOEVO) : (6.15)
p=1
and
d d
/241
20 = 1t /2t Z Z Cpavi..pigsavase
K112, pbd 2 =1 v1,02,..,0g/2=1
r 1S 1o _ S _
Tr VZ[: agWOCO 1X#1V1OO 1X#2V2CO e 'X#d/zl/d/zco ! :]7 (6'16>
Then, we have
lin(l)(z(d/z) —z) = 0. (6.17)
Proof. Insert
ct = oyt -cypta, et (6.18)

into the right hand side of (6.10) and expand it with respect to Cy. Lemma 4.1 and
Lemma 5.3 imply that C;' has the same order as C~! and

1 1+a(p)?
L+ (p) 1+ (p)*
is of lower order than C~! by the factor 1/(1 + (p)). Then, terms containing C; vanish
in the continuum limit in a similar way as in the proof of Proposition 6.1. By the same

reason, we can replace W by Wy (see (5.13), (5.17), and (4.17)). Furthermore, we can
replace X, by

Claict = Of

) (6.19)

d d
—iQ (FWEMOEVOLgl tary. FoLi®DyDuEu —ar S FWLSQDPOD,,OEMO) (6.20)
p=1 p=1
(see (5.80)). Here, the second and third terms of (6.20) give the same contributions to
242 when (5.80) is inserted into the right hand side of (6.10). Then, we can replace X,
by X w- Finally in order to replace (W, + Wo& by 26W, and to take the normal product,
it suffices to bound commutators [Wy, &, [Co!, Ful, [EpoEvoLy ', Fu) ete. Those com-
mutators are estimated using Lemma 5.9: By taking a commutator with a multiplication
operator, the order of the free part of an operator (with the suffix 0 like D ) is reduced
by the facter 1/(1 + (p)), hence the trace containing at least one commutators vanishes
in the continuum limit. o
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VI.4 Symmetry Arguments

In view of (6.15) and (6.16), we see that z, is a polynomial in r of order d/2 + 1 if we
ignore the r-dependences of Ly* and Cy'. The following proposition claims that the cubic
and higher order terms vanish.

Proposition 6.4. Put

d d

- d
2 = —iQ /2 5: E: €Lavi. g avase
;,th,g,...,},bd/g:lV17V2a'~~7’/d/2:1
r (d/2+1) y —d/ i
— 2+1 —d/2
T gal: EWaCy L E(FﬂjijﬂjoEyjo) 1, (6.21)
]:
4 d d
- ~\d/2
Z = _ZQ/ 5: E: €pavi. g ava)e

/’lelJ'Qv'”v/'Ld/Q:l V17V2v"'7yd/2:1

d/2 dq
212 Tr v [: §WOC’0_(d/2+1)LO_(d/2+1) Z Z Fou, Do Do Eon,o

/=1 p=1
/2
I (Fye, EpyoEuyo) . (6.22)
=1
J#
Then, we have
20 = 21+ 2. (6.23)

Moreover, in the right hand side of (6.22), we can fix the value of p to py, i.e.

d d

_ - d/2
Z9 = _ZQ/ Z Z Cpavi . pigsavase

B1sB2, a2 =1 V1,02,V q/2=1

/2
27Ty gal: EWoCy VL YN F Do B
/=1

/2
[T (Fy, EpyoEoyo) . (6.24)

j=1
it
Proof. Insert (6.15) into the summand in the right hand side of (6.16) and expand it. Let
us look at a term generated by the expansion that contains at least two factors of the
form 2ar 330y F,, Ly* Dy Do By (the second term of the right hand side of (6.15)). Such
a term has the form

d d

e 2ar > Fou Ly?Dyo Do Evo - 2ar Y Fluy Lo ?Dy,0Dy,0E0,0 . (6.25)
pe=1 por=1

Then, it is symmetric with respect to p, and e, hence it vanishes when it is summed up

with respect to py and py under the presence of the totally antisymmetric tensor. This
gives (6.23).



29

Next, note that py, vy, ..., f1q/2, Va/2 are mutually distinct because of the totally anti-
symmetric tensor. Then, the sum (6.22) is decomposed into partial sums in which p is
fixed to p; or v; for j = 1,2,...,d/2. If p = vy, F,,, vanishes. It therefore suffices to
consider the case p = p;,v; for some j # £. Assume p = p;. In this case, the summand
has the form

- F D ODP«ZOEWO -F E OEV]‘O el (626)

Hive HiVj

Then, it is symmetric with respect to v, and v;, hence it vanishes when it is summed up
with respect to vy and v;. The term for p = v; similarly vanishes. Thus we have (6.24). O

Combining Proposition 6.1, Proposition 6.2, Proposition 6.3, and Proposition 6.4, we
obtain:

Proposition 6.5. Put
G = ZWOCO—(d/Z-&-l L (d/2+41) <L0—|-a7“2 ZO) H (627)
a

where we write (with a slight abuse of notaition)

D2 d d
= 11 B0 = DiII Ejo- (6.28)
Eyo j=1 j=
J#L
Then we have
lim ((V(©) +iQ"*Tr Lu(€eFG)) = o, (6.29)
where
. d d /2
2
EF / = Z Z E}LlVlA..,lLd/Ql/d/Q H F‘u]l/]- (6.30)
H1H2,e g 2=1 V1,02,...,vq/2=1 7j=1

Proof. Rewrite the right hand sides of (6.21) and (6.24) as

d
a = —iQUTr (geFd/2 WoCy 20, gd/QHEjD), (6.31)
. d d /2
- ~d/2
g2 = _ZQ/TrVZ 3 Z Z Cpavr .. #d/QVd/QH Bivj
M52 7,U«d/2:1V1,V27 WVdje=1 Jj=1

=1 #40]1

22 WOy WA (/2 Z Dio HEJO)
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d d d/2
_ _sNd/2
= ZQ TrVZ f Z Z Cpavi.. Md/sz/zn Hj V5
M1 12, d /2 =1 V1,02, 0g2=1 Jj=1

_ _ 1 /2 D? D? d
27"2”7000 (d/241) [0 (d/2+1) Z( ,ug() 1/20 ] [
2 /=1 E,ugO EV@O i=1

J

132 p2
_ —iQd/2TrVd (&F‘WQTZW cy (d/2+1) Ly (d/2+1) L Z Efo H Ego) . (6.32)
@ 0

Then, the proposition follows from (6.3), (6.9), (6.17), (6.23), (6.31), and (6.32). O

V1.5 Coefficients

We take the trace of the left hand side of (6.29) with respect to the (spinless) planewave
basis u,, p € Tff*, defined by (4.3). In the following proposition, G(p) is the eigenvalue of
G, i.e. Gu, = G(p)u, (see the proof of Lemma 4.1).

Proposition 6.6. Put

G(p) = —2r’a* Z (1 —cosap,) H COS apy
pn=1 A=1
M d d : 2 5
=2 > (1 —cosap,) — Y P ap
r = = cosap,
X - - 37T (6.33)
[(Ma +7 3 (1 —cosap,))? + 3 sin’ ap,,]
v=1 v=1
1
Ka = 73 G(p). (6.34)
d*
peTy
Then, we have
Sy (<Y () + ik Q*a’ Y s<x>eF"/2<x>) =0 (6.35)
o z€Td
where
d d d/2 )
6Fd/2<x) = Z Z 6;1,11/1 Md/ZVd/Q H 'u,]yj ('r) 9 T G TCL' (636)
1025050 d/2=1 V1,02,V /2=1 Jj=1

Proof. Let ¢ be a multiplication operator determined by a function ¢ which satisfies (4.30)

and (4.31), and let K be a free operator on V,, i.e. an operator with u,,p € T as the
set of eigenfunctions. We denote the eigenvalue by Ko(p), i.e. Kou, = Ko(p)u,. Then we
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see that
Tr VZ<¢K0) = Z (up, PEKouy)
peTL”
= Z K0<p)(up7¢up)
peT”
ol
= Y KOG Y ) (6.37)
pETg* ccGTg
The proposition is a consequence of (6.29) and (6.37). o
Now, the proof of Theorem 2.1 is completed if we confirm the following.
Proposition 6.7 ([7]). It holds that
I 2 (6.38)
im Kk, —_— :
a—0 (4m)/2(d/2)!
Proof. Put
gla,q) = a~'G(g/a)
d d
= —2r? > (1 —cosqy) [] cosax
p=1 A=1
M d d_sin2q,
zae > (1—cosq,)— Y, il
r v=1 v=1 COS gy
x - - e (6.39)
(Ma+7r > (1 —cosq,))?+ 3 sin®q,
v=1 v=1
for a > 0, and
9(0,q) = limg(a,q). (6.40)
Using the funcion g, we write
and
Ka = (f) > gla,q). (6.41)
d*
q€aTy
For g € T = [—m, 71]%, let [¢] denote the point in aT¢ nearest to ¢. [g] is defined almost
everywhere in T, Then, it holds that
! / dq g(a,[q]) (6.42)
Reg = a, . .
(2m)d Joar 196,19
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Note that, for an arbitrarily small ¢ > 0, we can choose § > 0 such that

i J, dalate )] < e (6.43)

hold for any a > 0, where Bs = {¢ € R? | |¢| < 6}. Removing the small ball B; from the
hypercube Td*, we can take the continuum limit:

1 1
I / dgg(a,lq) = / dq 9(0, ). 6.44
ali% (27)d Jrar\B, q9(a,[q]) (2m)@ Jam\ 5, q9(0,q) ( )
Then, it holds that
. 1
lim k, = 2ny /Td* dq 9(0,q). (6.45)
It therefore suffices to show
2
. dag(0,q9) = —Qq, (6.46)
T d
where (), stands for the area of the d-dimensional unit sphere, i.e. Q; = (27)%2/(d —2)!!.
This fact is proved for d =4 in [5] and for all d and all r in [7].? m

Appendix
We list up the operators that are (globally) used in this paper.
Tou(z) = u(x + ae,) (2.4)
T, = U, (2.5)
1 *k
Dy = %(Tﬂ - Tu) (2.7)
d
D => v.D, (2.9)
pn=1
d
W:—Z(2I—TM—T:) (2.10)
pn=1
r
L=MI—-—W 3.5
o (3.5)
X, =D,L7'D,—D,L7'D, (3.6)
1 d
B = 2 Z Vi Vo X (3.7)
=1
d
C=L-> D,L7'D, (3.8)
pn=1
1 *
Eyo = 5(Tuo + Tho) (5.67)

3 To be strict, our conclusion is consistent with that of [7], if we include [] € and replace s — 1 by
591 in the integrand of (A20) in [7].
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